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this paper, (a) we develop a new solution concept that allows for partial
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(b) an associated, continuous measure of the degree of stability, via belief
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our concepts from related notions developed elsewhere. In an economic
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1 Introduction

When is partial consensus is compatible with equilibrium and when does it
lead to non-equilibrium outcomes in large games and markets? How does the
possibility that partial consensus is "approximately" self-fulfilling change the
analysis of strategic interaction and market behavior? What additional eco-
nomic insights can be obtained?

In this paper, we take a first step toward answering these questions by de-
veloping (i) a new solution concept that allows for partial consensus about the
outcomes of strategic and market interaction, (ii) an associated, continuous
measure of the degree of stability, via belief coordination, for equilibrium out-
comes, (iii) examples, illustrating and differentiating the properties of these two
concepts from related notions developed elsewhere, and (iv) an economic appli-
cation examining the foundations of intertemporal trade via belief coordination
in a two period economy where, under certain conditions, partial consensus over
future prices is consistent with an asset price bubble.

Our starting point is that agents’ heterogeneous beliefs about the outcomes
of strategic and market interaction may be characterized by partial consensus.
We model partial consensus as common knowledge of p-beliefs (beliefs that put
probability at least p on a specific outcome); with probability 1 — p beliefs
over outcomes are heterogenous and aren’t required to be common knowledge.
We model belief coordination with partial consensus and for an outcome to be
"approximately" self-fulfilling, we require it to be consistent with all that is
commonly known by each agent via an iterative elimination process. Heuristi-
cally, our solution concept for large games and markets, p-consensus, requires
that an outcome, about which there is partial consensus, is "approximately self-
fulfilling" as referred to in the preceding sentence. Associated with our solution
concept is a continuous index of stability, p-stability, which requires equilib-
rium to be the unique rationalizable outcome compatible with p-beliefs. The
continuous index for stability we develop can be assigned to each equilibrium
within a large class of games. It is less coarse that the usual "stable/unstable"
typology and justifies, in smooth applications, the intuition that the stability of
equilibrium relates to the slope of the best response map.

The two concepts introduced by us bring added value to the analysis of large
games and markets only when there are multiple rationalizable outcomes. Our
results explore this point in greater detail.

We begin by demonstrating the link between the set of rationalizable out-
comes and the set of p—consensus outcomes: any outcome in the interior of
the set of rationalizable outcomes is also p—consensus outcome for some p > 0,
thus characterizing the set of outcomes over which partial consensus can be
"approximately" self-fulfilling (with p serving as a measure of the approxima-
tion). We say that a Nash equilibrium is inadmissible if the best-response map
is "vertical at the equilibrium" i.e. a small change in the other players actions
implies a infinitely large change in any one player’s best response. We show
that every admissible Nash equilibrium is p—stable for some p < 1. Under an
additional, mild continuity restriction, we show that a p—stable equilibrium is



a locally isolated p—consensus distribution i.e. there is no other p—consensus
distribution in its vicinity. Under an additional interiority condition, we also
prove the converse statement: if an equilibrium is not p—stable, then there is
always a p—consensus outcome in its vicinity.

Next, using a number of examples, where the best responses of players de-
pend only on the average action, we work obtain closed form solutions for
p—consensus outcomes and characterize the p—stability of equilibrium out-
comes. We check that these can be supported as the outcomes of a correlated
equilibrium with such two states, and in the case of strategic complements (but
not strategic substitutes), are consistent with a common prior. In smooth set-
tings, setting we show that the degree of stability is related to the inverse of
the slope of the best-response, thus confirming the intuition that the slope of
the best-response matters for the strategic stability of equilibrium. In a setting
with multiple equilibria, we examine the link between the size of the basin of
attraction of an equilibrium outcome and p—stability and we show that two
aren’t related.

Our results generalize, the intuition obtained in a game with a finite number
of pure strategies that any strict Nash equilibrium is p—dominant (Morris, Rob
and Shin (1995)). We show that the approximate common of beliefs (and the
corresponding concept of belief potential) is quite different from the common
knowledge of p—beliefs (which is needed for the definition of p—consensus and
p—stability) because approximate common knowledge of a Nash equilibrium
profile of actions is consistent with the fact that the Nash equilibrium profile
of actions is not p—believed anywhere (while this is required for the definition
of p—consensus and p—stability). We examine the link between p—BR, iterated
p—BR (Tercieux, 2006) and p—stability. We show that although iterated p—BR
sets and p—stability are equivalent in finite games, p—stability is adapted to
game with continuous set of actions, while iterated p—stability is not. In eco-
nomic analysis of large games and markets the typical assumption is that agents
have continuous action sets: hence, the concepts, p—consensus and p—stability,
proposed here enable the analysis of the implications of partial consensus in
such settings.

Next, we examine the foundations of intertemporal trade via belief coordi-
nation in a two period economy. In contrast to Chatterji and Ghosal (2004), we
assume that individuals submit demand functions so that belief coordination in
current spot market prices is never a problem: instead the individuals need to
coordinate beliefs about future prices when they trade in current spot markets.
We show that when redistributions of revenue in second period markets change
or when redistributions of commodities in period 1 change second period spot
market prices and the there is lack of consensus over second period prices (so
that beliefs over second period prices are heterogeneous to a sufficient degree),
then an asset pice bubble exists.

The notion of p—consensus and p—stability builds on the seminal work on
eductive stability (Guesnerie (1992), Evans and Guesnerie (1993), Guesnerie
(2005), Evans, Guesnerie and McCullogh (2019)). The analysis developed here
differs in that we propose a new solution concept that allows belief heterogene-



ity and our measure of stability is continuous one. Related solution concepts
allowing for heterogeneous beliefs off the equilibrium path of play (e.g. the no-
tion of self-confirming equilibrium, Fudenberg and Levine (1993)) and in the
macro literature by Angeletos, Collard and Dellas (2018), Woodford (2013)):
in the second paper, belief heterogeneity is treated as part of the data of the
economy (in contrast, (iterated) belief coordination is central to our analysis)
while the third paper carries out an analysis similar to local eductive stability in
New Keynesian model. Although the formal definitions are very different, our
solution concept is motivated by concerns similar to the literature on sunspot
equilibria (Cass and Shell (1983), Farmer and Platonov (2019)).

The next section introduces the formal model within which we define our two
concepts, provides a number of basic results. Section 3 illustrates the workings
of the two concepts using a number of examples. Section 4 is devoted to finite
games. In section 5, we study partial consensus in a two period economy. The
last section concludes. The appendix contains proofs of most of our results and
the detailed working out of examples.

2 The concepts and basic properties

In this section, we begin by describing the underlying strategic framework. We
then define p—stability and state the conditions under which a Nash equilibrium
is p-stable.

2.1 The model

The underlying strategic framework is due to MasColell (1984). Let A be a non-
empty compact metric space of actions and A (A) be the compact and metrizable
set of Borel probability measures on A endowed with the weak convergence
topology which is metrizable using the Prohorov metric. For later reference, we
note that the Prohorov metric is defined by:

daay (m,7;) =inf{e > 0:m (M) < 7; (M®) + ¢ for all Borel subsets M of A},

where M¢ = {y € A/da (x,y) < € for some x € M }.! Let U4 be the set of con-
tinuous utility functions u : A x A(A) — R endowed with the supremum
norm, the metric, separable and complete space of player characteristics. A
game with a continuum of players is a Borel measure g on Uuy. For any
probability measure 7 on U4 X A, let 7, and 7, denote the respective mar-
ginal distribution on Uy and A respectively. Let T denote the set of proba-
bility measures on Uy x A such that 7, = pu, 7 € T: T denotes the set of
"strategy profiles", i.e., a distribution of actions for each u. For 7 € T, let
B; ={(u,a) : u(a,7,) > u(A,7,)}. The best-response correspondence is a map

1See Dudley (1989) for this definition and other properties of the Prohorov metric not
explicitly mentioned in this paper.



¢ : T — T such that ¢(7) = {7/ € T : 7/(B;) =1}, i.e., ¢ is the set of "strat-
egy profiles" putting probability one on the fact that each player plays a best-
response to 7. A Nash equilibrium is a measure 7* € T such that 7* € ¢(7%).

Existence result (Theorem 1 in MasColell (1984)). For a given p,
there exists a Nash equilibrium distribution 7*.

Remark: The above framework requires all agents who have the same utility
function must also choose the same actions and/or have the same the beliefs
over distributions. On the face of it, in an example where all agents have the
same utility functions, this would require agents to have "homogeneous" beliefs.
But, by re interpreting the framework so that utility functions are differ up to
an additive constant, we can use the above framework in setting where agents
with the same utility functions have heterogeneous beliefs.

2.2 p-consensus and p-stability: definition

For a fixed 7 and p € [0, 1], a p—belief is a probability distribution 7, = pr+(1—
p)7’ for any 7/ € T, i.e., a belief that assigns a probability p to the distribution
7. Let T, C T denote the corresponding set.

We define a p—consensus distribution iteratively as follows. Let 524, =T p
and consider the sequence of sets SZ, (1) = [¢(S2,")] N Ty for n > 1. This
sequence is decreasing and therefore, it converges to a set S77,. Then, 7 is a
p—consensus distribution if 7 € S27,.

For any p’ < p, p,p’ € [0,1], we have that ST, C S , as Tr ), C Ty .
Therefore, Sff’p - Sﬁf’p, and if 7 € S?f’p then 7 € ﬁf’p,. It follows only a rational-
izable distribution can be a p—consensus distribution and for a rationalizable
distribution, the set I, = {p ef0,1]: 7€ Sﬁfp} is either empty or [0, p| for some
p € [0,1].

Definition 1. When I is non-empty, we say 7 is a p—consensus distribution
for p =supI,.

Note that a standard definition of rationalizability in this set-up would be
to require 7 € 52 (note that this set doesn’t depend on the choice of 7). It
follows that I, is non-empty iff 7 is rationalizable. In this sense, p—consensus
is a refinement of rationalizability and the interesting question is whether 7 is
a p—consensus distribution for p # 0.

When p = 1, the set of 1—consensus distributions and Nash equilibrium
distributions must coincide.

We define a Nash equilibrium 7* to be p—stable if the equilibrium distribu-
tion is the only element surviving the iterated elimination of non best-responses
to a p’—belief for all p’ > p. This definition relies on a "standard" definition of
rationalizable outcomes in a game where the strategy set is restricted to T’ p:
a p—stable equilibrium is an equilibrium that is the only rationalizable outcome
in a game with the restricted strategy set T~ .

For any p < p/, p,p’ € [0,1], note that S3¢ , C S, and if S , = {7*}
then S , = {7*}. In particular, the set J- = {p € [0,1] : §2 , = {7*}} is an
interval of the form [p, 1] for p € [0, 1].



Definition 2. A Nash equilibrium 7* is p—stable if p = inf J,. = {p’ € [0,1] :

The interesting question is whether p < 1.

Remark:

1. We do not require that S¢ , = {77} for a p—stable equilibrium. In
some classes of games (for example in the smooth one-dimensional case below),
S, # {7} at a p—stable equilibrium.

2. If 7* is 0—stable then 7* is the unique rationalizable outcome.

3. If 7% is p'—dominant then it follows that S}. , = {7*}. Hence, S , =
{7*} and therefore, 7* is p-stable where p < p'.

4. The two definitions above bring added value in the analysis of strategic
outcomes only when there are multiple rationalizable distributions. In what
follows, this point is explored in greater detail.

2.3 Characterization of p—consensus and p—stability

We begin by providing an existence result for p—consensus distributions with
p#0.

Proposition 1. Suppose the set S§° of rationalizable distributions has a
non-empty interior in 7. Any distribution in the interior of S§° is p— consensus
distribution for some p # 0.

Proof of Proposition 1. Consider 7 € Int.5§° and a small neighborhood
N C Int.S§° of 7. For 7 € N, by upper hemi-continuity of ¢, there exists
p close enough to zero and 7/ € S§° in a neighborhood N’ of 7 such that
¢(pT + (1 — p)7’) = 7. Denote the corresponding set Bz ., and let Bz, =
Uresge Bz 7p. Note that Bz, C N'. Let T%,(B) = {p7 + (1 — p)7,7 € B}.
Note that T%,(Bz,) C Int.T>,. Hence, for any 7 in N, for each N small
enough, T% ,(Bz ,) C Int.T. p, so that T ,(Bz,) = Ty (B p); moreover, by
upper hemi-continuity of ¢, B;, C S3° and hence, N C S§°, as required.ll

Next, we examine the conditions under which an equilibrium is p—stable.
To this end, define a best-response correspondence for each u € Uy to each
m € A(A) as Blu,m) ={a € A:u(a,m) > u(A,m)}: an action in B(u,m) is
a best-response for u € Uy to some m € A (A). For each m € A (A), consider
the set

UA(m) = da(B(u,m’),B(u,m))
. dacay(m’,m) < o0

- u € Uy : B(u,m) is not single-valued or
limsup,,,/_m ’

where d4 denotes a distance on A and da(4)(.,.) denotes the Prohorov metric
on A(A). Consider two Dirac measures §, and &,. Then, da (A4) (65,0,) =
da (z,y). Note that for each u € Uga(m), a small change in m induces an
infinitely large change in best-responses.

Consider a given 7*. For every u, let

s — lim sup da(B(u,m), B(u,T,))
m—Tg dA(A) (m,7a)

S(X)

T*

» =171}



and
K, =supessk, .
u€eUx
K is the essential upper bound of k,  w.r.t. measure p (that is: the set of u
such that k, . > K, has y—measure 0).

Definition 3. The equilibrium 7* of a game p is admissible if u (UA(T;)> =
0 and
K, < +oo.

As a preliminary step, the following lemma? summarizes three key properties

of the Prohorov metric that will be useful in proving the result below.
Lemma 1. (i) Consider 7 = p7 + (1 — p) 7. Then,

daa) (Ta,Ta) < (1= p)dacay (745 7a) -

(ii) Consider a Dirac measure 0, and a distribution 7, € A (A4). Consider S the
support of 7, (the smallest closed set s.t. 7, (S) = 1) and d = sup,cgda (z,y)
(d is the radius of the smallest ball centered on z that contains S)3. Then,

dA(A) (595,7'@) <d.

(iii) Consider 7, € A (A) defined by 7, = [ 72 f (d\) where f is a probability
distribution on a set of parameters A\. Consider another distribution v € A (A4).
We have

da(a) (Ta,v) < sup)\essdA(A) (Ta, V).

Proof. See appendix.ll

We are now in a position to state and prove the following result:

Proposition 2. For any admissible equilibrium, there is a p < 1 such that
the equilibrium is p — stable.

Proof. See appendix.ll

Heuristically, the idea underlying the proof is as follows. An equilibrium
T* is p—stable if the best-response map, restricted to p—beliefs, generating the
sequence of sets ST is a contraction. For p close to one, when the equilibrium
7* is admissible, we show that the best-response map, restricted to p—beliefs,
cannot vary much (i.e. in the smooth case, the derivative of the best-response
map, restricted to p—beliefs, is small). If, on the contrary, the equilibrium 7*
isn’t admissible, even when restricted to p—beliefs, it can change dramatically
around the equilibrium implying that the preceding step of the argument doesn’t
hold.

We conclude our characterization by proving a result linking p—consensus
and p—stability.

Proposition 3. Consider a p—stable equilibrium 7*.

2We state and prove this lemma for completeness as we are not aware of an explicit proof
of the three properties of the Prohorov metric contained in the lemma and these required for
the proof of Proposition 1 below.

3Notice that  may be in S or not.



(i) Suppose K, is continuous in 7. Then, for any p > p, there is a neigh-
borhood of 7* such that no 7 belonging to the neighborhood is a p’—consensus
distribution for a value p’ > p.

(ii) Suppose S , has a non-empty interior in 7" and ¢ is a continuous
correspondence T hen for any p < p, there exists a 7 € S2¢ , arbitrarily close
to 7* such that 7 is a p’—consensus distribution for some p’ > p.

Proof. (i) The proof relies on the proof of Proposition 2: A straightforward
necessary condition for p—stability is K« (1 —p) < 1; hence, K« (1 —p) <
1; by the smoothness assumption it follows that for 7 arbitrarily close to 7%,
K- (1-p) <15 s0 5% is either empty of has a radius 0; and 7 € S5, given
that 7 is not a Nash distribution. Since p’ > p implies S5 C 825 the result
follows.

(ii) Consider an open neighborhood N of 7% in S . By continuity of ¢
and definition of S2¢ ), we have that S , = ¢ (S(Txfyp) N Trx . This means
that for every 7 € N, there exists a non empty set B;+, (7) of distributions
7' € 8% , such that ¢(pT* + (1 —=p)7r')=7. Let By« = UrenBr+, (7). Note
that BT » C S, and 7% € By« (since 7% € Br«;, (77)). Let Trx ,(N) =
{pm* + (1 —p)7’, T € N}. Note that Tr« ,(Br« ) C Int.Tr« ,; hence, for any 7
in N (provided N is chosen small enough), T« ’p(B p) € Int.T; . Therefore,
T+ p(Br+p) = Trp(Brp) so that, by continuity of ¢, B;, C S, so that
N C S, as required.l

An informal interpretation of Point (i) is that under a mild continuity restric-
tion (which would typically be satisfied, for example, in smooth settings (see
Section 3.2 below)), a p—stable equilibrium is a locally isolated p—consensus
distribution, i.e. there is no p’—consensus distribution in its vicinity with a
degree of consensus p’ larger than p. Informally again, Point (ii) says the con-
verse statement also holds provided the best-response map ¢ is continuous: in
the vicinity of a p—stable equilibrium, there is always at least one p’ —consensus
distribution with a degree of consensus p’ smaller than p and arbitrarily close
to p (provided that the interior of S2¢  is not empty).

However, note that these informal interpretations are offered to aid under-
standing of Proposition 3; the analogous formal statements cannot, in general,
be proved. Indeed, the (very simple) game developed in Section 3.1 is a coun-
terexample: there is a p—stable equilibrium such that every distribution 7 in its
neighborhood is a p,—consensus distribution for some value p, > p (p, depends
on 7); there is another p—stable equilibrium with no p,—consensus distribution
in its neighborhood satisfying p, > p. The point is that p, tends to p when 7
tends to the equilibrium.

Lastly, the requirement that S2¥ , has a non-empty interior in 7' is a re-
striction that is key to Proposition 3 and may not always be satisfied when the
action set has at least two dimensions. To see this point, consider the simple
case of a game where an action is a vector in X for some K > 2 and the utility
depends only on the individual action and the average action (i.e. only the first
moment of the distribution of actions matter for the strategic interaction). The
notation S29, and 7 are easily redefined as sets and elements in RK. In such a



game, it may be the case that S2? , has a dimension strictly less than K (hence,
an empty interior). For 7 close to 7%, the set S75, may have a dimension strictly
less than K as well (it may be close to Sp< , by a continuity argument). Because
of the low dimension of S7°,, it is fully possible that 7 is close to 7%, S, is close
to S22, and yet T ¢ S7°,. Consequently, there may be no 7 in the vicinity of 7*
that are p—consensus.

3 Illustrative examples

In this section, we demonstrate how the two concepts developed here apply in
a number of illustrative examples (one dimensional linear and smooth settings)
and examine the link between the two concepts and a number of other related
concepts studied in finite games.

3.1 Games with linear one-dimensional best responses

As p—consensus is a refinement of rationalizability, we might expect a link be-
tween the set of p—consensus distributions and subjective correlated equilibria.
To obtain a clear link with simple correlated equilibria, we work in a simpler
framework where payoffs depend on own action and the average action.

A game with a continuum of players ¢ € [0,1], actions a € [—1,1] and every
player has the same BR map as follows:

a; = fa for a € [-1/18],1/|B]],
a; = _B fora < —1/18],

18l
_ P oira
a; = = fora >1/15|,
5]
where a denotes the average action and § is a real parameter (5 > 0 is the case

with strategic complements and § < 0 the case with strategic substitutes). %

is either —1 or 1 depending on the sign of S.

In what follows, with some abuse of notation and ease of exposition, we use
a to denote the Dirac measure on a for any action a € [—1,1] and we call an
average action a a rationalizable or a p—consensus outcome when it corresponds
to a rationalizable or a p—consensus distribution of individual actions.

p—stability. When |3] < 1, the unique rationalizable outcome is the
(unique) Nash equilibrium 0 (the equilibrium is O—stable). When |8 > 1,
the result differs according to the sign of j.

When 8 > 1, there are three Nash equilibria: —1, 0, 1. Then, by compu-
tation, it follows that (i) the equilibrium 0 is p—stable for p = 1 — %, (ii) the

equilibria —1 and 1 are p—stable for p = % (1 — %)

When 8 < —1, there is still exactly one Nash equilibrium: 0. It is p—stable
forp=1-— ﬁ



Note that for the equilibrium 0, the upper bound K+ introduced in Defini-
tion 3 (to check admissibility of an equilibrium) is |3|. For the corner equilibria
—1 and 1, this upper bound is 0. Hence, every equilibrium in this game is
admissible and it is p—stable for some p < 1 (by Proposition 2).

p—consensus. We compute the p—consensus outcomes that differ from
Nash equilibria. If || < 1, no outcome different from a Nash equilibrium
is a p—consensus outcome, and we restrict attention to the case || > 1 in
what follows. The results in the cases with strategic complements and strategic
substitutes are slightly different.

Proposition 4a (strategic complements). For 5 > 1, every @ that differ
from any Nash equilibrium (@ ¢ {—1,0,1}) is a p—consensus outcome for

1 1 1 1 1
PE 14l <1B>€ L(lﬁ)’lﬁ]

Proof. See appendix.l
Observe that every outcome is a p—consensus outcome for a value p between

the degree % (1 — %) of p—stability of the corner equilibria +1 and the degree

(1 — %) of p—stability of the interior equilibrium 0. This result illustrates
Proposition 3.

10T

09T

08T

01—

p—consensus in the case 8 > 1 (example with 5 = 3)

The logic of the proof is analogous to the well-known argument characterizing
the rationalizable outcomes (as the outcomes between the lowest and the highest
fixed points of the best-response map): The p — BR map is increasing and the

bounds of the set Sz, are the lowest and the highest fixed points of the p— BR

10



map; since the p— BR map has either one fixed point or 3 fixed points (including
—1 and 1), the set S5, 1s either reduced to a single point (either —1 or 1 or
%, and a ¢ S59,) or equal to [~1,1] (and a € Sg5)).

Proposition 4b (strategic substitutes). For 8 < —1, every @ that differ
from the Nash equilibrium (@ # 0) is a p—consensus outcome for

o ()10 2) o) 3]

Proof. See appendix.l

Observe that every outcome is a p—consensus outcome for a value p lower

than the degree ( — %) of p—stability of the Nash equilibrium.

10T
09T

08T

05T

04T

01T

p—consensus in the case § < —1 (example with 5 = —3)

Again, the logic of the proof is analogous to the argument characterizing the
rationalizable outcomes (as the outcomes between the 2 points of the largest
2-cycle, i.e., the lowest and the highest fixed points of the 2nd iterate of the
best-response map): The second iterate of the p — BR map is increasing and
the bounds of the set SZ°, are the lowest and the highest fixed points of this
second iterate; since the second iterate map has either one fixed point or 3 fixed
points, the set Sg9, is either reduced to a single point (and @ ¢ S55,) or equal to
an interval. The difference with the case with strategic complements is that the
bounds of this interval (the fixed points of the 2nd iterate) are not necessarily
—1 and 1. Then, the condition a € S5, is not the same as in the case with
strategic complements.

Correlated Equilibrium. Consider a p—consensus outcome a. Clearly,
for any p’ > p, there cannot exist a correlated equilibrium such that (i) a is

11



one of the possible outcomes and (ii) at every state, conditionally to his/her
information, everyone assigns a probability at least p’ to a.* This follows from
the fact that every outcome of this correlated equilibrium should belong to 527,
which is impossible since a ¢ SZ%,,. We show the converse statement: we exhibit
a simple correlated equilibrium (2 outcomes only) such that (i) @ is one of the
possible outcomes and (ii) at every state, everyone assigns a probability at least
p to a.

The case 8 > 0 is the simple case, while 8 < 0 is less convenient to solve.

Consider first # > 0 and an outcome @ > 0. @ is a p—consensus for the
value of p defined in Proposition 4a. We define the correlated equilibrium as
follows. The 2 outcomes are a (with probability 7, defined below) and —1(with
probability 1—7). Individual belief is either the "informed" belief (probability 1
on @) or the "uninformed" belief "a with probability p and —1 with probability
1 — p". When the outcome is —1, every agent holds the "uninformed" belief.
When the outcome is @, a proportion a of agents (defined below) holds the
"informed" belief and the remaining proportion holds the "uninformed" belief.

We now check that this distribution of actions is a correlated equilibrium.
The optimal action of an "uninformed" is —1 since (given the value of p)

—12pB(pa+(1-p)(=1).

Hence, when the outcome is —1, the optimal action of every agent is —1, and
the distribution of belief is consistent with the outcome.

We distinguish between 2 subcases.

In the subcase a < 1/, let

€
a+1 Ba+1
The optimal action of an "informed" is fa. Hence, when the outcome is a,
the optimal action of every agent is either —1 or a, the resulting average action
is
afa+ (1 —a)(-1) =a,
and the distribution of belief is consistent with the outcome. Lastly, the "unin-
formed" belief is consistent with the prior distribution since Bayes rule writes

In the subcase 1 > a > 1/8, let

1 1
,1f7) _
1+ ( a+1
T = : 7 €(0,1) and a = —— € (0,1).

1 (1 1 ) 4 1=a 2

2 8 2
The optimal action of an "informed" is 1. Hence, when the outcome is a, the
optimal action of every agent is either —1 or 1, the resulting average action is

a+(1-a)(-1)=a,

4Even a weak form of correlated equilibrium, like subjective correlated equilibrium cannot
satisfy these properties.

12



and the distribution of belief is consistent with the outcome. Lastly, the "unin-
formed" belief is consistent with the prior distribution since Bayes rule writes
b= %

The correlated equilibrium with @ < 0 is defined analogously (with +1 for
the second outcome).

We now consider S < 0 and an outcome a > 0. a is a p—consensus for the
value of p defined in Proposition 4b. We distinguish between the 2 subcases
a<-1/fanda>—-1/0.

In the first subcase a < —1/4, for any small enough ¢ > 0, we define the
correlated equilibrium as follows. The 2 outcomes are a and some other outcome
a’. There are 2 types of agents: Either an agent holds the "uninformed" belief
(a with probability p — ¢ and @’ with probability 1 —p + ) and plays an action
ay (defined below), or an agent holds the "almost informed" belief (a with
probability ¢ > p and @’ with probability 1 —¢) and plays the action d; (defined
below). When the outcome is a, a proportion « of agents (defined below)
holds the "uninformed" belief and the remaining proportion holds the "almost
informed" belief. When the outcome is @’, the proportion of agents holding the
"uninformed" belief is o’ (defined below).

We now write the conditions ensuring that this distribution of actions and
beliefs is a correlated equilibrium. The optimal action Gy of an "uninformed"
satisfies

dv=B((p—e)a+(1-p+e)d)e(-1,1),
and the optimal action a; of an "almost informed" satisfies

ar=p(qa+(1-qa)e(-1,1).
When the outcome is @, given the distribution of beliefs in the population, the
equilibrium condition is
ELZO(CAL]+(1705)(?LU,
and, when the outcome is @’, the equilibrium condition is
a =dar+(1-a)ay.
An equilibrium is obtained for (o, o/, q,@’, ay, ar) satisfying

1-—
a e (66_747 (1_86)6604> - (_170)7

and

a—a
a=—"¢€(0,1),
aj —ay
o == £ (0,1)
ar —ay
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note a ere ex1st parameters values consistent wi ese conditions since
te that there exist ters val istent with th ditions si
1< Ba< 92985 <0 and (k%) a_ 1),

1-pBe a’'—a

Proof. Given that p =1+ %, B < —1and —1/8 > a > 0, computations
show gy < 1 for e small enough (note that fa+a—a’ < —a’ < 1) and a6y > a
%&. Hence, ay is the optimal action for an "uninformed"
agent. Computations show a; > —1 (since ga + (1 —¢)a’ < a < f%) and
ay < @ follows from the lower bound on ¢. Hence, a is the optimal action for
an "informed" agent. Lastly, a and o’ satisfy the equilibrium conditions. The
conditions ay € (a,1) and a; € (—1,a’) imply a, ¢’ € (0,1). B

A heterogenous prior distribution can be defined.

follows from a’ <

In the second subcase @ > —1/8, p = H% (1 + %), for any small enough
€ > 0, we define the correlated equilibrium as follows. The 2 outcomes are a and
some other outcome a’. There are 2 types of agents: Either an agent holds the
"uninformed" belief (@ with probability p — ¢ and @’ with probability 1 —p+¢)
and plays an action ay (defined below), or an agent holds the "almost informed"
belief (a with probability ¢ > p and a’ with probability 1 — ¢) and plays the
action —1. When the outcome is @, a proportion « of agents (defined below)
holds the "uninformed" belief and the remaining proportion holds the "almost
informed" belief. When the outcome is @’, the proportion of agents holding the
"uninformed" belief is o’ (defined below).

We now write the conditions ensuring that this distribution of actions and
beliefs is a correlated equilibrium. The optimal action ay of an "uninformed"
satisfies

av =p(p—e)a+(l-p+e)a)e (-1,1),

and the optimal action of an "almost informed" is —1 if
—1>p(qa+(1-q)a).

When the outcome is a, given the distribution of beliefs in the population, the
equilibrium condition is

a=a(-1)+ (1 - «a)ay,
and, when the outcome is @', the equilibrium condition is
a=ad(-1)+(1-dad)ay.

An equilibrium is obtained for (o, o, q,a’, ay) satisfying

=/ l—ﬂ(p—é‘)& _
¢e(-11 20 ¢ o,
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and

av=B(p—e)a+(1-p+e)a) € (a,1)
ay — a
= 0,1
« dU_’_le(? )7
, ay —a’
= € (0,1
A W (0,1)

(note that there exist parameters values consistent with these conditions since
1-B(p—e)a s+’
-1 < W <0and7a_a, <].)

Proof. Given that p = IJ%(_I (1 + %), B < —1and a > —1/8, computa-

tions show ay < 1 for e small enough (note that a(8—1)a’ < a(l—0) <
(1+a)—(B+a)a) and ay > a follows from a’ < %&. Hence, ay is the
optimal action for an "uninformed" agent. The condition on ¢ implies that the
optimal action of the "informed" is —1. Lastly, o and ' satisfy the equilibrium
conditions. The conditions ay > @ and @’ < 0 imply «,’ € (0,1). B

The last case (8 < 0 and a < 0) is analogous to the above case 8 < 0 and
a > 0, using +1 instead of —1 as a 2nd outcome when needed (to check this
point, one just has to multiply every equilibrium condition by —1).

3.2 p-stability in the smooth one-dimensional case

To get an intuitive feel for the notion of stability being studied in this paper,
we extend the piecewise linear setting of the previous subsection to a non linear
setting.

Consider a simple, smooth model of strategic interaction where there is a
continuum of agents each whom chooses an action a € A (a compact set in R)
to maximize u (a,a) (C2, with v/, < 0) where @ is the average action. Without
loss of generality, A = [—1,1]. Suppose, there is a (not necessarily) unique Nash
that is interior and is normalized to 0 so that u, (0,0) = 0. Denote BR (@) the
(unique) best response to @ (characterized by u), (BR (a),a) = 0). We assume
that the BR map is not vertical at equilibrium (BR' (0) < +00).

We are now in a position to state the following result:

Proposition 5. There is p < 1 such that the equilibrium is p-stable. If
SUpge(—1,1] |BR' (@) < 1, then p = 0. Otherwise, we have:

1 1

L R
=P= T - m

BR (0) @

where

a
m= sup — =
a,ac[—1,1] Yaa (a,0

M= sup
a,a€[—1,1]
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For any p < p, there exists a neighborhood of 0 such that every action in this
neighborhood is the average action of a p—consensus distribution. For any p > p,
there exists a neighborhood of 0 such that no action in this neighborhood is the
average action of a p—consensus distribution.

Proof. See appendix.l

Notice that by implicit functions theorem, |BR' (a)| < M for any a. To
relate p with exogenous variables, rewrite the left inequality (1) using BR' (0) =
—ul/>(0,0) /u?,(0,0) (by implicit functions theorem, again). The linear case
developed in the previous subsection corresponds to the case with a quadratic
utility: m = 1, BR/ is constant (equal to M) and p = 1—1/M. As in the linear
case, our stability concept gives a motivation for looking at the slope of the best
response map as a stability index.

A special case of the model studied so far is the Muth model with a large
number of farmers who have to commit to an output level before selling their
products in a competitive market in Guesnerie (1992). Farmer ¢ maximizes

2

mq — 557 (7 is the output price). Aggregate supply in this market is given by

S(m) = Cm where C = [ C'di. Aggregate demand in this market is:

. A
A—B?TZfﬂ'SE

0, otherwise

D(r) = {

Let 7* be the competitive equilibrium price. Guesnerie (1992) shows that when
the slope of the best response map B/C < 1, 7* is the unique rationalizable
outcome.

Applying Proposition 5 immediately yields that the equilibrium in Gues-
nerie’s model is p—stable for p = max {1 — C/B,0}. Thus, p—stability describes
more precisely the degree of stability of the equilibrium when it is not the unique
rationalizable outcome.

The remainder of the section is devoted to the proof of Proposition 5. The
proof shows that p—stability relies on the best response map BRy , (@) (best
response to beliefs "probability p on 0, probability (1 —p) on a"). When p is
close to one, the slope BRy ,(a) is small enough (whatever @ is). The map
BRy ), is then globally contracting and p—stability obtains. Intuitively, when p
is close to one, the best response is not very sensible to the value a and the best
response cannot deviate very much from the equilibrium value 0. This is the
condition needed to get p—stability.

3.3 Basin of attraction and p-stability

In this subsection, we show, in an example with three equilibria, that the
p—stability of a corner equilibrium is linked to the slope of the aggregate best
response at that equilibrium but not to the size of the basin of attraction.

We consider a game with a continuum of individuals of mass one who must
choose an action a € [—1, 1] to maximize the payoffs

2

-5 +aP(@
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where @ denotes the average action and P(.) is a third degree polynomial speci-
fied below. At an interior best response, the first order condition is P(a@)—a = 0.

Assume that P(@) = —A(@—1)(@+1)(@—«), where A > 0 and o €
(=1,1). Then, there are three equilibria (fix points): a=1,a = —1, @ = a. By
computation, we can check that

P(@ P(a P(a

OP@| g u(1_a), 2@ C1-24(1+a), 2D 402,
oa a=1 oa a=—1 da a=o

Note that ng) _ > 1 while 81;7(;) _and 81;7(;) o, e both less than

one. To ensure that we are in the case of strategic complements we restrict the
%ﬁ{“) . > 0 and %(E“) . > 0. Therefore, a = 1

(respectively, @ = —1) is stable in the best-response dynamics on its basin of
attraction (a, 1] (respectively, [—1, «)). Furthermore, it follows that the whole
action set is rationalizable so, in particular, none of the three equilibria is 0-
stable.

Next, we show that by choosing different value of A we can choose different
values of « consistent with the p—stability of @ = 1. By computation, the
p—best response map is

parameters so that both

pP@)+(1—p)P@)=pP@-A+(1-p)@ -1) (@ +1)@ - o)+ (1-p)a

Observe that p—stability requires the above best-response map to be con-
vergent and we need a unique fix point of the preceding map. So we look for
value of p for which the preceding p—best response has exactly one root. So the
requiring p—stability of either one of the two equilibria for all p > p requires us
to calculate the value of p for which the preceding p—best response has exactly
two roots one of which is the equilibrium and the other one is the double root.
So this implies

pP(@) + (1 - p)P(@) = —A(1 - p)(@ - a)(@ - §)*

where d is the unknown double root.
Consider the p—stability of T = 1. Identifying the coefficients (the coeffi-
cients of degree 3 are identical)

(1-p)ad=(1-p)A(1+26)
1-p(1+A)=1-(1-p)A(2+9)0
p—(1—p)ad = (1-p) A5

The first one requires § = “Tl while the second one requires
(1-p)A(L+6)"=p

which is § =, /ﬁ — 1 (the second one follows from the others). Hence, p is
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such that

e-l_ [ p
2 \V(a-pA
Al@+1°®  p
4 (1-p)
Observe that we can rewrite the preceding expression as
__ 0P(a) 2
(1 %a a:l) (a+1) _ p
8(1—-a) (I-p)

It follows that by choosing different value of A we can choose different values
of a consistent with the p—stability of @ = 1.

Therefore, there is no link between p—stability of @ = 1 and the size of its
basin of attraction.

4 p—consensus and p—stability in finite games

In this subsection, we relate the two notions of p—consensus and p—stability to
a number of related concepts developed in games with a finite number of players
and (pure) actions.

It is evident that an equilibrium strategy profile with a positive measure of
players with more than 1 best response to it cannot be p—stable. Consistent
with common knowledge of the equilibrium outcome, a player can choose a
strategy different from the equilibrium if the player expects other players’ to
do so: the belief that the equilibrium outcome is common knowledge does not
imply that a player chooses the equilibrium strategy as a best response to the
equilibrium outcome. Hence, in a finite game, no mixed strategy equilibrium or a
pure strategy equilibrium in weakly dominated strategies can be p—stable. The
same point applies to games with a a finite number of players but a continuum of
actions where there are several best-responses to an equilibrium outcome, as in
a second-price auction where truth-telling (an equilibrium in weakly dominated
strategies) isn’t p—stable. In many mechanisms (tournaments, voting games)
used to implement socially optimal outcomes as a weakly dominant strategy,
whether a player is a winner/loser doesn’t depend on the action of the player.,
In such cases, equilibrium outcomes are "structurally" supported by several best
responses: as the equilibrium actions profile implies a profile of winner/losers,
which defines payoffs to any individual player, a player’s payoff as a winner /loser
does not depend on profile of winner/losers over other players.

Next, we point out that the approximate common of beliefs (and the
corresponding concept of belief potential) is quite different from the common
knowledge of p—beliefs (which is needed for the definition of p—consensus and
p—stability) because approximate common knowledge of a Nash equilibrium
profile of actions is consistent with the fact that the Nash equilibrium profile of
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actions is not p—believed anywhere (while this is required for the definition of
p—consensus and p—stability). The following example illustrates the preceding
point:

Example. There are two players and each player has three actions in the
following symmetric game (call the actions: Up(U), Middle(M), Bottom(B)):

U M B
1,1 1,0 0,-1
0,1 -1,—-1 1,0
-1,0 0,1 1,1

wE S

We show: (a) (U,U) is a i—stable Nash equilibrium, (b) the existence of a
correlated equilibrium with belief potential (see Morris, Rob and Shin (1995)
for a formal definition) of £ and (U, U) is played with probability strictly greater
than % but other actions are played as well. Ex-ante, it is common knowledge
that (U,U) is played with probability strictly greater than %, but the interim
information provided on the other player’s action is such that (U,U) is not
necessarily played (at the interim stage, it is not always true that (U,U) is
3 —believed).for p = £ —stable.

By computation, observe that (U,U) is a p—stable Nash equilibrium for

p = 1/3—stable: S§ = {(U,U),(M,M),(B,B)}, S§ = {(U,U),(M, M)},

1
S3 = {(U,U)}. For B to be a best response and not to be in S7, we need
that for each player B is a best response to beliefs putting some probability

on (B,b).For M to be in Sl% and not 52%, it is required that M is a best re-
sponse to beliefs putting some probability on B (so that U cannot be a best
response to B) while U strictly dominates M for beliefs putting probability 1 on
{U, M'}. Hence, 1/3-stability obtains as soon as B is not a best-response to any
1/3—beliefs on U (which is guaranteed by the fact that B is not a best response
to U). Next, we construct a correlated equilibrium with belief potential 1/3.
We want a correlated equilibrium with belief potential p = % where a player
plays different actions (not only U). At the equilibrium, the set of the actions
played at a correlated equilibrium is common knowledge; hence this set cannot
be restricted to 2 actions (otherwise, given the belief potential, U is the unique
best response at every state: a contradiction). Hence, the set of actions played
by each player at the correlated equilibrium is {U, M, B}. The construction is
as follows: B is played when {M, B} is expected (restrict attention to informa-
tion sets containing 2 actions for simplicity - hence, no other set is possible to
justify B because of %fstability), M is played when another set of 2 actions is
expected (which must necessarily be {U, B}) and U is played when {U, M} is
expected. Consider the set Q of "sunspot states" and the information partition
of each player. At a correlated equilibrium, for every player, at an element in
this partition where U (respectively M, respectively B) is played, we want that
the other player plays the following actions with positive probability (and only
these actions): U, M (respectively U, B, respectively M, B). The simplest set 2
consistent with this contains 6 states, information partition are
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For player Row: {1,2},{4,5},{3,6} and the respective equilibrium ac-
tions must be U, M, B

For player Col: {1,4},{2,3},{5,6} and the respective equilibrium actions
must be U, M, B

In every element of the partition, the beliefs are of the form (1/2,1/2)
so that p = 1/3 < 1/2; hence with a uniform common prior the belief
potential is %

e One can also define the prior probability as follows: m on state 1, 1_?”

on every other state. The correlated equilibrium described above is still
a correlated equilibrium with this prior (state 1 is the state where (U, U)
is played). If m = 2/3, then the belief potential is 1/3. We therefore have
a correlated equilibrium with belief potential % and (U, U) is played with
probability strictly greater than % but other actions are played as well.
Ex-ante, it is common knowledge that (U, U) is played with probability
strictly greater than %7 but the interim information provided on the other
player’s action is such that (U, U) is not necessarily played (at the interim

stage, it is not always true that (U,U) is 1/3—Dbelieved).l

Finally, we examine the link between p—BR, iterated p—BR (Tercieux, 2006)
and p—stability. We show that although iterated p—BR sets and p—stability are
equivalent in finite games, p—stability is adapted to game with continuous set
of actions, while iterated p—stability is not.

We begin with a short summary of the key notation in Tercieux (2006)
relevant for our purposes. Consider a game G : 2 players, set of actions A;
compact in RY; a game G [S] : game G with set of actions restricted to S;
1P (S_;) p-belief on S_;, A; (S—;,p) best response of player i to p-belief on S_;,
A (S, p) product of BR sets; p-BR set : S such that A (S,p) C S (if everyone
pbelieves in S, then the outcome is in S); p-MBR set : p-BR set with no proper
subset being a p-BR set; Iterated p-BR set: there exists a decreasing sequence
S0....8" such that S° = A and S**! is a p-BR set in G [Sl] and S™ = S.
Tercieux shows that p-BR sets are iterated p-BR sets (with S° = A and St = ).
The converse is not necessarily true. Some remarks: (1) A strategy profile is a
1-MBR set iff it is a strict Nash, minimal curb set (Basu and Weibull (1991).
In a 2x2 game, risk dominance = 1/2-MBR set. An action profile is pdominant
equilibrium iff it is a p-MBR set. (2) Theorem 1 in Tercieux (2006) shows
the existence of p—BR sets. (3) Although Tercieux doesn’t address this point
directly, how do players coordinate on a p-BR set? If it is common knowledge
that everyone pbelieves in a p-BR set S and Common knowledge of rationality,
then everyone lbelieves in S. Hence, a p-BR set is a self-fulfilling set (= a
1-BR set) where the self-fulfilling property is robust to p < 1 (some strategic
uncertainty). (4) Recall that p-dominance is particularly interesting for p = 1/2.
If an equilibrium is pdominant, then there is no (1 — p)-BR set not containing
this equilibrium. Furthermore, if there is a p-BR set S, then there is no (1 — p)-
BR set disjoint from S
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Result 1. p—MBR implies p—stability; the converse is not true.

Proof. Common knowledge of rationality and p-belief on a Nash equilibrium
7* implies common knowledge that the outcome is in the p—MBR including 7*.
Furthermore, "{7*} is a p—MBR" implies p—stability ("{r*} is a p—MBR"
means p—dominance, that is: p—stability in 1 step). However, the converse
implication is not true. Example 2.5 in Tercieux (2006) contains a p—stable
equilibrium that is not a p-MBR set. This is intuitive: p-BR is only one step of
elimination of non best-response, while p—stab is an iterative process).ll

Result 2. In a finite game, for a strict Nash 7%, p — stability of 7 is
equivalent to the statement "{7*} is an iterated p — BR set".

Remark about the proof. The proof that {r*} is an iterated p — BR
set is straightforward. To prove the converse implication, we need an auxiliary
result showing that, whenever 7* is an iterated p — BR set, it can be associated
with a "canonical" sequence of sets.

Proof. (i) Consider a strict Nash 7* that is p—stable. We have S} = {r*}
for some N (denote N the smallest integer with this property). We show that
{r*} is an iterated p — BR set. By definition, 7* is a p—MBR in SN~ (to be
rigorous, one needs to distinguish between the S of the paper that correspond
to mixed strategy sets and the S used here that are implicitly pure strategy
sets - we don’t do this here, this should not be a problem as it seems obvious
that the Sj in mixed strategy is the set of all the mixed strategy based on the
pure strategy in S}). S;,V’l is a p—BR in S;)V’z (as 7" € S;,V’l). We now
show that it is a p—MBR. Assume there is a p—MBR S” in SIJ,V*2 including 7*
and included in S)~'. Observe that (1) beliefs p on 7* and (1 —p) on S}V~2
implies action in SIJ,V*I, (2) beliefs p on S” and (1 — p) on SI],V*2 implies action
in 5", (3) then SY~=1 C §”, then SN~=! = 5”. We have shown that S)Y=! is the
p— MBR in SI",V’2 including 7*. We iterate the argument: SIJ,V*2 isap— BR
set in SV ~3 We show that it is a p—MBR. Assume there is a p—MBR S” in
SN~ including 7* and included in S ~2. Observe that (1) beliefs p on 7* and
(1—p) on SY¥=3 implies action in S)'~2, (2) beliefs p on S” and (1 —p) on
SN=3 implies action in S”, (3) then S)V=2 c §”, then SY=2 = §”. We have
shown that SZJ)V_2 is the p— M BR in SZ],V_S including 7*.Iterating the argument
shows that {7} is an iterated p — BR set (associated with S7'). This shows the
direct implication.

(ii) Define the sequence M BR,, as follows: M BRy, = S, and for every n,
MBR,,+1 is the p — M BR including 7* in the game with a restricted strategy
set M BR,,. Notice that the above proof of the direct implication shows that,
whenever 7" is p — stable, the sequence S} is the sequence M BR,,. Assume
that {7*} is an iterated p — BR set associated with a sequence BR,, (denote
{r*} = BRy). We compare BR,, to MBR,,. By definition, MBR; C BR;.
Observe that (a) beliefs p on MBRy and (1 —p) on M BR; implies action in
MBR;, (b) beliefs p on BRy and (1 — p) on BR; implies action in BRa, (¢) As
MBRy, C BR;, BRyisap—BRsetin MBR;. Hence, M BRy C BR; (iterating
the argument shows that M BR,, C BR,, and MBRy = {7*}). We have shown
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that {7*} is an iterated p— BR set associated with a sequence M BR,,. We now
show that 7% is p — stable. We compare S and M BR,,. So, (a) beliefs p on 7*
and (1 —p) on S implies action in S}, (b) beliefs p on MBR; and (1 —p) on
S implies action in MBRy, (c) then S) € MBR,. We iterate the argument.
Assume that S} C MBR,,. Then: (a) beliefs p on 7% and (1 — p) on S implies
action in S"+1, (b) beliefs p on MBR,,;+1 and (1 — p) on M BR,, implies action
in MBR,, {1, (c) and Sp*' € MBR,,;1. This shows that S} = {7*}, 7* is
p — stable. R

Result 3. Iterated p — BR sets are not adpated to games with
continuous action sets.

We demonstrate this via an example. Consider a one-dimensional example
with a continuum [0, 1] of players, the action set is [—1, 1], the interior equilib-
rium is 0 and the BR map is a; = ¢F (@) where a is the average action. We
know that the equilibrium is p—stable for ¢ (1 — p) < 1.

Remark. There is sometimes corner equilibrium (with equilibrium action
being —1 or 1): this equilibrium isn’t considered here.

Claim 1. An interval [—b,b] (for b < 1) is a p—BR set iff ¢ < 1 and
d’( ¢ ) < b. Existence of p— BR sets requires eductive stability (¢ < 1).

Notice that the fact that strategic stability is a necessary condition for exis-
tence of p — BR sets is an argument in favor of p—stability.

Proof. The smallest BR to p—belief in [—b,b] is ¢ (— (1 — p) — pb) and the
largest one is ¢ ((1 — p) 4+ pb). Then, we have a p—BR iff ¢ (1 — p) + ¢pb < b.
That is: ¢ (1 —p) < (1 —¢p)b, that is: ¢p < 1 and ‘bl(i;;) < b. This is
¢(1—p)
1-¢p

equivalent to ¢ < 1 and

¢<land 420 < b M

We now characterize when the equilibrium is an iterated p — BR set.

Claim 2. Consider a given p. The equilibrium is an iterated p—BR set iff
the equilibrium is eductively stable (¢ < 1).

Notice here that the fact that the equilibrium is an iterated p—BR set does
not depend on p, which makes the concept useless. Again, this is an argument
in favor of p — stability.

Proof. First consider the case ¢ > 1. Clearly, the equilibrium cannot be
an iterated p — BR set as there is no p — BR set containing the equilibrium
(see Claim 1 above). We now consider the case ¢ < 1. When is an interval
[—b,b] is a p—BR set in a game restricted to [—c, c] (¢ > b)? The smallest BR to
p—Dbelief in [—b,b] is ¢ (— (1 — p) ¢ — pb) and the largest one is ¢ ((1 — p) ¢ + pb).

Then, we have a p—BR iff ¢ (1 —p)c+ ¢pb < b. That is: ‘?2_2) < p. This

< b. Summing up, [—b,b] is a p—BR set when

rewrites b > ¢(1 p)c Define the sequence b, by: b; = ¢1(1¢p), and, for every
n, bpy1 = (bl(i(bg) bn,. We have that [—b,y1,bn41] is @ p—BR set in a game

restricted to [—by, b,]. Notice that ¢ < 1 implies ?1(1 pg < 1 and byq1 < by.
Hence, [—by11,bn41] C [—bn,by] and the sequence [—by,b,] converges to {0}.

We have just shown that the equilibrium is an iterated p—BR set for any p.l
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5 Intertemporal trade, expectations coordina-
tion and bubbles

In this section, we study the partial consensus outcomes of a standard two period
economy to examine the foundations, via belief coordination, of perfect foresight
equilibria. We are in a setting where all agents are price-takers and payoffs de-
pend on their own actions and market prices; hence, we adopt a slightly different
formalization of a large economy from MasColell (1984). The analysis gener-
alizes and extends Ghosal (2006)’s local stability analysis of a perfect foresight
equilibrium: a new solution concept for intertemporal economies is proposed
and its links with perfect foresight equilibria is analyzed in a general setting
which allows preferences to be non-separable over time.

5.1 The Economy

The economy consists of a mass of individuals of measure one, formally, an atom-
less measure space of individuals, {I, ¢, 1}, with I = [0, 1] the set of agents, ¢ the
o-algebra on I and p an atomless measure defined on I. Null sets of individu-
als are systematically ignored throughout the paper. For some arbitrary finite
K —dimensional Euclidian space, an assignment is any function g : I — R¥ each
coordinate of which is integrable®. Trade in this economy is sequential and takes
place at two time periods, ¢t = 1,2, with L;, t = 1,2, commodities traded in
the spot commodity markets in period t® and an asset market that opens in the
first period. In time period ¢t = 1, each individual submits commodity demands
in the spot commodity markets and asset demands in the asset market. Prices
in these markets then adjust to ensure market clearing. In time period t = 2,
each individual submits commodity demands in the spot commodity markets.
Prices in these markets then adjust to ensure market clearing.

A commodity bundle is z € §Ri1 X §Ri2 with z;; denoting quantities of con-
sumption of commodity [ in period t. Endowments are w : [ — §Rf_1 X §Rf_2
with w = (w,, wy), and W;= [widi > 0 for ¢t = 1,2. The asset traded in the
first period pays off in units of the first commodity traded in the second period
and further, it is in zero net supply. Preferences of trader ¢ are described by a
utility function u’ : §Ri1 X %iQ — R such that two assumptions are satisfied:
(A1) For each traders i € I, u’ satisfies strict monotonicity, strict concavity, is
twice continuously differentiable on %il x RL2; (A2) w: T x &Ef X 3?_% - R
is measurable and uniformly smooth. The requirement of uniform smoothness
in (A2) follows Aumann [2, sections 4 and 10] except that we do not require
the utility functions of any trader to be bounded. A consequence of (A42) is
that v : I x %il X %iz — R viewed as a map from (4, 21,22) to real numbers
is measurable as a function of (4,1, 2z2). The asset traded in the first period

5Throughout this subsection, the bold face type will be used to denote an assignment,
with the it" component of the assignment g denoted by g’ and the k** coordinate of the
assignment g denoted by g.

6Note that when Lg = 1, with only one commodity at ¢ = 2, the coordination problem in
second period spot markets studied here disappears. Hence, we assume that Lo > 2.
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pays off in units of the first commodity traded in the second period and fur-
ther, it is in zero net supply. An allocation is a triple (x1,y,X2) such that
xi € %it, t=1,2, for all i € I and y*’€R. An allocation is feasible if, in addi-
tion, [xidi = xy=W,; = [widi, t = 1,2 and § = [y'di = 0. An economy is
E ={I,i,p, (u*,w®) :i €I}

Prices are (m1, g, m2) where 7y is the spot commodity market price of com-
modity ! in period ¢t and ¢ is the price of the asset. Normalize prices so that
m1 = 1 and mo; = 1. As the utility function of each individual is strongly
monotone, without loss of generality it is possible to restrict attention to prices
where 7; € §Rf_t_~__1, t=1,2 and g € R;+. Asset payoffs are therefore denoted in
the second period numeraire.

At prices (71, ¢, m2) the maximization problem that each individual solves has
two stages. In the second stage, at ¢ = 2, given (71, ¢, 72, 1, y) each individual
solves:

Maz i,y ui(xl,:cQ) s.t. moxo < 7T2W§ +y, x9 € §Rf_2

For a solution Z% to this maximization problem, let v’(z1, mo, ToWh +y) =
ul(xq, &5 (xl,wz,mwé + y)) In the first stage, at ¢t = 1, given (71, ¢, m2) each
individual solves the following maximization problem:

Maz iz, vi(z1,7r2,7rzwé +y) s.it. ma + qy < Wlwi, T € §Ri1

Let (aﬁﬁ,;ﬁ")A denote a solution to this sequential, two-stage maximization
problem. Let S*(m1, ¢, m2) denote the set of all possible solutions (&%, §*, &%) at
prices (1, q, m2).

Definition 1 A Perfect Foresight Equilibrium (PFE) is a vector of prices (#1, , 72)
and allocations (X1,¥,%2) such that (a) at prices (71, q, 72), (X},§",%%) € S"(71, ¢, 72),
foralli € I, (b) %, € RY ., t=1,2, and (c) [Xidi= W, t = 1,2 and [ §'di = 0.

The corresponding market clearing equations are
/fci(fn,q,frz)di :v-vl,/yi(ﬁl,q,ﬁz)dz’ = 0,/&é(&i(ﬁl,q,ﬁa),ﬁz,yi(ﬁl,q,frz)) =W

Let %, = [ %idi, t = 1,2 denote mean commodity demand in period ¢ and
y =/ 9'di denote mean asset demand. Let N (71,4, #2) C %f&% X Ry x %ii
be a neighborhood of an interior PFE price vector. Then, for all (71, ¢, m2) €
N(#1,q,72), the derivatives O, ,Xu, Or,, ¥, 04Xy, 0,y exist for all ¢, t' =
1,2 and all [,I" = 1,..., L and are equal to Oy, , Xy = f&rt,l,f{ildi, O, ¥ =
[ Op,, §'di, g% = [ 0%, di, 9,5 = [ 9,§'di. This follows from the fact that
Onpu XYy Or,, V' 0gXy, 049°, for all 1,1 = 1,..., Ly, t,t' = 1,2, , i € I are
integrally bounded (see, for instance, page 154, Jones (1993)).

After deleting the numeraire commodity in each period, consider the Jaco-

bian of the market clearing equations J = < :21 j;z )where Jii = < g:;l gz;_(l ),

Jip = ( ng;l >, Jo1 = ((On, X2 04%2 ), Jao = (9r,%2) evaluated at the
T2

24



market clearing prices (71, 4, 72) € %iﬂr_l xRy X %iir_l, where the numeraire
commodity in each period has been deleted as well. For any assignment x;,y
such that [ xidi =Wy, [y'di =0, let 0r,%2(x1,y) = [ Or, X5(x}, P2, ¥").

Definition 2 (Regularity, Strong Regularity and Sequential Regularity)” An in-
terior PFE is regular (respectively, strongly regular) if J is invertible (respec-
tively, Ji1and Jos are invertible). It is sequentially reqular if, in addition to being
reqular and strongly regular, (Or,X2 (Xl,y))_1 exists for all assignment of assets
y such that y* = ¥%(7},q’, 75) for alli € I and some (7}, ¢ ,7h) € N(#1,q, 72, ¢).
An economy is regqular (respectively, strongly regular and sequentially reqular) if
all its interior PFE are regular (respectively, strongly regular and sequentially
regular).

In a regular economy, each PFE is locally isolated. In a strongly regular
economy, in addition, it follows as a consequence of the implicit function theo-
rem that for a given (71, q) € N(#1,4,,¢) C R xR, there is a locally unique
second period price 7o that solves [ X5 (X} (71,7, 72), p2, ¥ (71, G, p2)) = Wo; fur-
ther, it is a continuous function of (71,q,) € N(#1,q,e). Moreover, in a se-
quentially regular economy, again as a consequence of the implicit function
theorem, for all (7},q',7%) € N(#1,4,#a2,) with [&{(7],¢',m5)di = Wi and
[9(m},q',mh)di = 0, there exists a unique second period price 72 that solves
[&y(ml,q s mh), w2, ¥4 (7h, ¢/, 7h)) = Wa; further, it is a continuous function of
(m,q',7h) € N(#1,§, 72, €).

5.2 Partial consensus outcomes, Perfect Foresight Equi-
libria and Bubbles

Our starting point is the assumption that it is common knowledge that individ-
uals have expectations over future prices whose support is some set I15 C ?Rii_l.

Let 7y € T19. A p-beliefs puts a weight r on 7y and a weight 1 —p on 75" € IIJ
(not assumed to be common knowledge). The interpretation is that there
is partial consensus (where p measures the degree of consensus) on 7. Let
f:71 - 19 C %ifl: an assignment of expectations where f/ = 75", Let
% (ml, T, ToWh + y) denote the (unique) solution to

Maz i,y u'(z1,T2) 5.t Toxo < ToWh +y, To € 3%{7_2
Let %5 (21, %, f'w} + y)) denote the (unique) solution to
Maz s,y ui(zl,mg) s.t. flag < fiwé +y, T2 € §Rf_2

For each p— belief, there is an associated lottery over period 2 consumption
l,,, with probability p on X (xl,%z,?rgwé + y) and with probability 1 — p on

"Sequential regularity was introduced by Balasko (1994).
8The slight change in notation is made for ease of exposition.
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%4 (mh fi fiwd + y) Let 1, denote an assignment of lotteries. At ¢t = 1, given
(m1,q) and I an individual solves:

Maz iz, .3 pvt (ml,%g,?@wé + y)—|—(1—p)vi (axl,fi, fiwl + y)} sit.maitqy <MW, x1 € §Ri1.

Let %i(m1,q,1}), §'(n1, ¢, 1)) denote a solution to the preceding sequential,
two-stage maximization problem.

For a fixed 1, (7}, ¢) is a period 1 equilibrium if and only if [ %} (n],q',1})di =
Jwidiand [§((n],q',1))di = 0. Let E1 (1,) denote the set of such equilibria.
For a pair (71, q) first period prices, with a mild abuse of notation, the second
period price 7 is a period 2 equilibrium if and only if [ X5 (Xi, 75, ¥ (71, q,1})) =
[ widi. Let Fy (X1,71,4¢,1,) denote the set of such equilibria.

Fix T C §Ri§:1. For n =1, ..., define

- { m e R 3L, :i.t. ™ € By (R1,71,4,1,) } NIyt
P for some (X1,m1,q) € Fy (1) P
Obviously, 1Ty , C H;L,]_Dl, n=1,...
Rationalizable (second period) price expectations: ﬁg,p = 1155,
Partial Consensus outcomes: For 0 < p < 1, given IIJ C %i?[% a
consensus outcome is a triple (71, , T2) and an allocation (X1, ¥,X2) such that
(X1,71,4q) € Fy (1,) for some 1,, on ﬁg)p with probability at least p on 75 € 1:1271,.
Proposition 6. Consider a PFE vector of prices (#1,q,72). Suppose
u(z1, 22) = ul (x2) + uz(x2) where usz(.) homothetic for all i € I. Then, for any
s c %f_’j__l,such that 7ty € 119, Ty, = {72} forall 0 < p < 1.

Proof. As market clearing in both periods is common knowledge [ yidi =0,
and therefore, [ dy'di =0. As ub(x>) is identical and homothetic for all i € I,
ayié (7%27 yz (ﬁ-lv qs 7%2)) = 8.1/)2; (7%27 y] (ﬁ-lv qs 7}2))
for all 4,5 € I, and therefore, [ 9,X5dy'di = 9,5 [ d§'di = 0 so that as long as
o € 19, Es (x1,m1,q,1p) = {72} for all (m1,q) € E, (1), 0 < p < 1. Therefore,

Iy, = {72}.0

A partial consensus outcomes reduces to a PFE when all individuals are
able to continue eliminating prices till 75 is the only element in 1:,[271). When
preferences are additively separable in consumption across the two time periods,
a change in the asset holdings in period 1 amounts to a redistribution of revenue
in period 2 spot markets. When preferences over consumption in period 2 spot
markets are identical and homothetic, a redistribution of revenue will have no
impact on period 2 spot prices. Therefore, as long the PFE second period price
7o is in T19, it is the only price vector consistent with market clearing in period
2 irrespective of what second price expectations individuals started out with: it
is the unique rationalizable second price expectation.

Proposition 7. Consider a sequentially regular PFE vector of prices (71, §, 72).
Whenever the degree of consensus p on 79 € I13 is higher than a critical thresh-
old value p < 1, the PFE is the unique rationalizable outcome.
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Proof. When the PFE is sequentially regular, then the admissibility con-
dition required for Proposition 2 is satisfied. By relabelling variables appropri-
ately, the result is an immediate consequence of Proposition 2. B

Fix a strongly regular (71,4, 72). Clearly, as long as 7 € IIY, there is a
partial consensus outcome that is Pareto optimal. However, by Proposition 1,
when 1:12,,7 has a non-empty interior in %i“ir_l, it also contains partial consensus
outcomes are distinct from a PFE such that the associated allocations aren’t
Pareto optimal. Evidently, the marginal rates of substitution will be equalized
across individuals in spot markets within a time period but not across time peri-
ods. Moreover, at a strongly regular (71, 4, 72), the associated partial consensus
asset price ¢ # ¢: hence, there is an asset price bubble.

In what follows, starting from a fixed strongly regular (71, q,#2) and a I3
such that 5 € 119, a local characterization of the as set of sufficient conditions
that ensures the existence of a Iy, that has a non-empty interior in %ii_fl
is carried out for p small enough. Suppose II§ = N(fa,¢), 11y # {#2} with
N(7q,e) C 5}%5_2’4__1 a neighborhood around 72, the second period component
of a PFE vector of prices (71,§,72). Let |.|| be a monotone vector norm? on
RE2=1 Let S(e) = {z € R4 |2 — 2| = e,e > 0}. Let B(E) = {z €
R o — | < 2.

As the economy is sequentially regular it is possible to provide a local char-
acterization of the map from each assignment of expectations f : I — II9 (re-
member p = 0) to a market clearing price in the second period 7 in the vicinity
of a PFE.

Proposition 8: Fix a sequentially regular PFE (71, §, 72). There exists
a neighborhood N(fa,¢) of #2 and matrices M for each i € I such that for
each assignment of expectations f : [ — II3, II3 = N(f2,¢), dme = [ M'df'di
where dmy = (my — 7t9) and df? = (f' — 7). Moreover Iy = {my € N(7g,¢) :
dmg = fMidfidi, for some f: 1 — 1:12,0}. If there exists € > 0 such that
IIY C N(#2,2), (a)|| [/ Midvidi|]| < &, for all assignment of expectations v :
I — S(&), then Ty, = {z}, (b) if | [ Midvidi|| > e, for all assignment of
expectations v : I — S(e), for each € < &, N(#2,8) C ﬁgm for p < p, for some
p > 0.Moreover, the condition that || [ M’dvidi|| < & is invariant to the choice
of the second period numeraire.

Proof. See appendix.l

Heuristically, what the preceding proposition shows is that when redistrib-
utions of revenue in second period markets change or when redistributions of
commodities in period 1 change second period spot market prices and the there
is lack of consensus over second period prices (so that beliefs over second period
prices are heterogeneous to a sufficient degree), then an asset pice bubble exists.

To interpret the condition under which, locally, partial consensus outcomes

9For any = € RE | let |z| = (|z1], ..., |zx]|). It follows that |z| > |y| if and only if |z;| > |u]
for all I = 1,...,K. A vector norm, |.]] on R¥ is monotone if and only if |z| > |y| =
[lz|| > |lyll. All I, norms, including the euclidean norm, are monotone. However, (see Horn
and Johnson (1985)) the following vector norm on R ||z|| = |z1 — 2| + v x|, is not
monotone.
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coincide with perfect foresight equilibria, it is useful to consider the special
case with homogeneous expectations. In this case, the condition in part (ii)
of Proposition 1 reduces to the condition that ||[M(r® — ﬁg)H < & whenever
|7 — 72]| = &€ which is equivalent to requiring that Hl\_/IH < 1. This is nothing
but the requirement that the map that goes from expectations of second period
prices to a market clearing second period price is locally a contraction map.

What conditions ensure that redistributions of revenue in second period mar-
kets change or when redistributions of commodities in period 1 change second
period spot market prices? The following proposition provides a (negative)
answer:

Proposition 9. Consider a sequentially regular PFE vector of prices (71, §, 72).
If there exists € > 0 such that either (i)

}<e

O, K5 (R 72, §) — 0, R (K], 72, 9")

max { Hayig(iiaﬁ-% yz) - 8y§(%(§(§,7r27 y ) )
for all 4,5 € I, or (ii) max{H@,rZyi , 8@)“(%”} < € for all 4 € I. Then there
exists a neighborhood N (g, ¢) of 75 and I3 C N (79, ¢) such that [y, = {7},
0<p<L

Proof. See appendix.ll

The preceding proposition shows that even with lack of consensus over future
prices in a small enough neighborhood of a perfect foresight equilibria, an asset
price bubble will not exist if (a) the sensitivity of second period spot commodity
prices to a redistribution of revenue in the same period and a redistribution in
period 1 endowments is small and (b) the sensitivity of period 1 consumption
and asset demands to small changes in expectations of second period prices is
small.

Finally, we construct an example with a unique PFE, where with hetero-
geneity in intertemporal preferences implies the existence of partial consensus
outcomes distinct from the PFE outcome because second period spot commod-
ity prices to a redistribution of revenue in the same period and asset demands
to small changes in expectations of second period prices, thus demonstrating
the robust existence of bubbles.

Example: There is a single commodity at ¢ = 1 and two commodities at
t = 2. The preferences of individuals are as follows. There are two types of
individuals. Type 1 individuals are those with u’(z) = 217 + (1 — 3) log xo1 +
Blog x22,3 < B < 1 and endowments w' = (wi,, wi;, wao) > 0. Type 2 indi-
viduals are those with u?(z) = x11 + 8log x21 + (1 — ) log w22, and endowments
wi = (wi, W, Wa) > 0. Let py denote the price of commodity 2 at t = 2
and let Wy denote the aggregate endowment of commodity [ at time ¢. Both
type 1 and type 2 individuals have equal measure. Let w}; denote the aggregate
endowments of the numeraire commodity at ¢ = 2 for type 1 individuals and
w}, denote the aggregate endowments of the numeraire commodity at ¢ = 2 for

type 2 individuals. It is assumed that wh; > w5;. Let II9 = {% —, % + 6].

By computation, it is verified that there is a unique perfect foresight equilibrium
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configuration of prices (72, §) = (W21 , ﬁ) and

W21+W21
W21+W21

Bwy,+(1-B)wy;

(% — ) for type 1 individuals
(% — ,6’) for type 2 individuals

Let 11 = [:"_v— €, X;; + 5} We restrict attention to the case where in-

dividuals have point expectations over second period prices. Let S(¢) = {z €

Ry : ’z - g;;‘ = e}. Consider the assignment of expectations vy : I — S(e)
Vi — W21 +¢

7 - Wa2 )
W21 W21

for type 1 individuals and v* = P te (respectlvely, vt = = - g) for type
2 individuals. Then, by computation it is checked that

H/Midvidi = H/Midvidi

Wy + Wi 1 3)e
Bwyy + (1 — B)wy; \ 2

(respectively, v_ : [ — S(e)) where v’, = m — ¢ (respectively,

> €

as long as 3 < 8 < 1 and wh; < wh,;. It follows that I1% , = P ,n>1and by
contlnulty 1n p, there exists p > 0 such that for all p < p, =P n>1

Hence, H2p7H2p<p, for some p > 0. B

6 Conclusion

In this paper, we have developed a new solution concept that allows for par-
tial consensus about the outcomes of strategic and market interaction and an
associated, continuous measure of the degree of stability, via belief coordina-
tion, for equilibrium outcomes. In a number of examples we have illustrated
and differentiated the properties of our concepts from related notions developed
elsewhere. We have examined the foundations of intertemporal trade via belief
coordination in a two period economy and show that, under certain conditions,
lack of consensus over future prices is consistent with an asset price bubble.

Our contributions are a preliminary step towards understanding how the
possibility that non-equilibrium outcomes are approximately self-fulfilling com-
plicate the analysis of strategic interaction and market behavior. In future re-
search, we intend to examine this point in grater detail to obtain new economic
insights and their implications for policy.
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Appendix
Proof of Lemma 1.
(i) For every M, for every € > da(a) (7,,7a), we have

Ta (M) < 7 (MF) +¢,

then
(1=p)Ta(M) < (1=p)7, (M%) + (1 -p)e,
Ta (M) < pTa (M) + (1= p) 7, (M%) + (1 = p)e,
To (M) < p7y (M) + (1 —p) 7l (M) + (1 —p)e.

This implies: da(a) (Ta,7a) < (1 —p) e and
dacay (TarTa) < (1 —p) daca) (T4, 7a)
(ii) For a Borel set M s.t. € M, for every ¢, we have §, (M¢) =1 and
To (M) < 6, (M7) +e.

For a Borel set M that does not intersect S, for every e, we have 7, (M) = 0
and
Ta (M) < 8, (M) + €.

Consider now a Borel set M that does not contain x and that intersects S. For
every € > d, we have that x € M® (consider a y in SN M) and 6, (M¢) =1 and

T (M) < 6, (M) +¢.

(iii) Consider ¢ > sup ess da(a) (7r,v). For f—almost every A, we have: for
A

every M
(M) <v (M) +e.

Summing over A\ gives:
[nans@< [worcor@)=vor e,

as (v (M¥?) + ¢) does not depend on A and [ f(d\)=1. B

Proof of Proposition 2.
There is a neighborhood N C A (A) of 7} such that for g—almost every u
in Uy,
Vm € N,da (B (u,m), B (u,7;)) < Kdaa) (m, ;). (2)
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Now for each 7 € T,, (with 7 = p7* 4+ (1 — p) '), we must have that
VM C A, 7o (M) =pry (M) + (1 —p) 7, (M),
It straightforwardly follows from Lemma 1(i) that

da(ay (Ta; 73) < (1 = p) daay (T4, 7a) - (3)

As the Prohorov metric is always bounded by 1, we have da(a) (75, 7;) < 1 and
da(a) (Ta,7;) < 1 —p. Then, for p large enough, the following property holds:
the inequality (2) holds for the marginal 7, of any distribution 7 in T},. From
now on, we consider p such that this property holds. Define the set A™ (u) C A
of actions that are best responses of u to a distribution of actions 7, that is the
marginal on A of some 7 € Sgil. 10) (Sgil) contains the distributions 7 € T
such that, for p-almost every w, 7 (A™ (u)|u) = 1. For p-almost every u, for

every a in A™ (u), a writes B(u, 7,) for some 7 in S7'~'. Inequality (2) writes:
dA(aa B(U, T:)) < KdA(A) (Taa T;)'

As T € 5’;—1 = ¢ (53_2) NT,, 7 =pr* + (1 —p)7’ for some 7/ € ¢ (55_2).
Inequality (3) implies

dala, B(u,7y)) < K (1 —p)dacay(ts, 7).

a’ "a

Denote R’ (u) = sup,ean(y) da(a, B(u,7;)) (this is the radius of the smallest
ball containing A™ (u) and centered on 73). We have

R (u) < K (1—p)dacay(m,, 7).

a’ " a

Denote R’ = supessycy, R (u) for every n. We have
Ry < K (1-p)daca(re, ) (4)

Consider now that by definition, for every M, 75 (M) = [ 7* (M|u) p (du). By
admissibility of 7%, for p—almost every w, the conditional distribution 7* (.|u)
is a Dirac measure dp(7x ) on the equilibrium action of u (denoted B (7;,u)).
By Lemma 1(ii), for every Dirac measure centered on z € A,

dA(A) (T;; 590) < sup da (LL’, y) ) (5)
yEeS

where S is the support of 7/, (the smallest closed set such that 7, (S) = 1).
Then, we have:

dA(A) (T(;7 6B(T:7u)) < RZ_Q (U)

As 7 = [0p(rs uyit (du), by Lemma 1(iii),

daay(Th,75) < supess da(ay (7, 0p(rx u)) < sup ess RY?(u) = RT3
ueUa “ uelUa

32



From Inequality (4), we have
Ry < K (1-p) RY2.

Hence, for p large enough, K (1 —p) < 1 and the sequence of R’} tends to 0,
which implies that S} tends to {7*}. We have shown p—stability for p < 1 large
enough. W .

Proof of Proposition 4.

The p — BR map is BRg,, (a) = B(pa+ (1 —p)a) if B(pa+ (1 —p)a) €
[-1,1], and it is BRgp, (a) = —1 or 1 if 8 (pa + (1 — p) a) is smaller than —1 or
larger than 1. The sequence BRy , ([~1,1]) (where BRy , denotes the n — th
iterate of BR; ;) converges to a limit set BRZS, ([—1,1]) that is the set S25,.
We compute the limit set S27, in any possible case and check when a € Sg7,.

The p— BR map is converging iff | 3| (1 — p) < 1 (and the limit is %).
In this case, S5, = {%} and a ¢ Sgpt @ is not a p—consensus outcome
for a value p > 1—‘7%'. In the sequel, we assume p < l—ﬁ (ice., 1 <|B] (1 —p)).
Under this assumption, the p — BR map is not converging to a single point. We
study the behavior of the sequence BRy , ([~1,1]) in the 2 cases 3 > ﬁ and

1
B < “1p
Ifg> ﬁ, then we distinguish between 3 cases:

o Ifa > % (BRzp(—1) > —1), then 1 is the unique fixed point,
BRgp (a) > a for every a. Any sequence BRj; , (a) converges to 1. Hence,

Sg5, = {1}.

elfa < % (BRz (1) < 1), then —1 is the unique fixed point,

BRay(a) < a for every a. Any sequence BRZ ,(a) converges to —1.
Hence, 559, = {—1}.

o If 22Dl > g > 2P0 (BR, , (—1) = —1 and BRa, (1) = 1), then
BR; , admits 3 fixed points (equal to —1, % and 1). For a <
%, any sequence BR; , (a) converges to —1. For a > %, any
sequence BRj; j (a) converges to 1. Hence, S2°, = [-1,1].
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The case BRg , (—1) = —1 and BRg ), (1) =1

Therefore, a € Sg3, iff % >a > w. These 2 inequalities rewrite:

1 1 1 1
mva (5) mrs 5 (5)

This shows the result in the case § >

p=

1
1-p°

In the case g < —ﬁ, we have p € [0, 1+ é} and BR; ), is piecewise linear

and decreasing (its slope is either 0 or 5 (1 —p) < —1). We first consider the
case @ > 0. A preliminary remark is:

o BRay(-1) =1iffp< 1 (1+4)

o BRy,(—1)=—-1iffp> 1= (1 _ %)

e BRz, (1) = —1 because p < (1 + %) < ﬁ (1 + %) holds true in this
case
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‘We have:

LI p < 1 (1 + %), then BRa, (—1) = 1 and BRa,, (1) = —1. Straight-
forwardly, BR; ,, ([~1,1]) = [-1,1] and S5, = [-1,1].

210 ok (14 1) < p < gk (1-4), then =1 < BRay(~1) < 1 and

BRg,, (1) = —1. Furthermore, BRg, (a) = =1 iff a > — 5522

3. If ﬁla (1 — %) <p<l1l+ é, then BRz ) (—1) = —1 and the map BR;,

is constant, equal to —1. Straightforwardly, S2°, = {—1}.

In Case 2, 577, is computed using routine arguments relying on BR%p. BR?W
is increasing and piecewise linear. Since 52 (1 —p)® > 1, BRZ
the neighborhood of —1 (equal to BR2 |, (—1)), increasing with slope 52 (1 — p)
for intermediate values of a, and then constant in the neighborhood of 1 (equal
to BRép (1)).

Bpa

Since BRg, is decreasing, it has a unique fixed point af, = T—h0p)

is constant in
2

This fixed point ayp, is in (—1,1): ay, is not on a constant part of BRj ,,
the slope of BR;, at af, is then 5 (1 —p) and the slope of BRg’p at agp is
8% (1—p)®. Hence, BRZ , has 3 fixed points: BR2,(~1), as, and BR2 (1),
with BR2 ) (—1) and af, being negative.

T
02 04 06 08 10
I X

- 1.0+

A typical example of BR?;:p with 3 fixed points
A standard argument implies then that the sequence of the iterates BRg , ([—1,1])

tends to [BRZ , (—1),BR2 , (1)]. Hence, the set g%, is [BR2 , (—1),BR2 , (1)]
(with BR2 (1) = BR,, (~1)). Since a > 0, a € S5 iff < BRy, (~1). This

condition writes:
< ! 1+ a
P=>173 B)

We now consider the case a < 0. A preliminary remark is:
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e BR;,(—~1) = 1 because p < (1 + %) < 1_%& (1 + %) holds true in this
case

o BRy, (1) =-1ifip< 1 (1+1)

We have:

L 1fp < 1 (14 5), then BRay (~1) = 1 and BRa (1) = —1. Straight-
forwardly, BRay ([-1,1]) = [-1,1] and 555, = [-1,1].

2. If = (—|— ><p<1%(1—7) then BR;, (—1) = 1 and —1 <

BRa,p( ) < 1. Furthermore, BR; , (a) =1 iff a < é(lﬁ;)

3. If = ( —l)<p<1+%,thenBRﬁp()zlandthemapBRa,pis
constant equal to 1. Straightforwardly, S3° = {1}.

In case 2, Sg7, is computed using the same arguments as above. BR?W
is increasing and piecewise linear, it has 3 fixed points: BR2 »(=1), ayp and

BRZ (1), with ag, and BR2 | (1) being positive. S2° is [BRZ ( 1),BR2 ,(1)]
(Wlth BRZ ,(—1) = BRgsy(1)). Since a <0, a € S5, iff a 2 BR;, (1). This

condition ertes
< 1 ] a
P=1"3 B)

Lastly, we summarize the results for any a € IR. Note that Cases 3 (both
when a > 0 and @ < 0) exist iff 1 4+ % < —p If1+ % > —[3, then the upper

bound for Cases 2 is 1 + % Hence, a € S5°, = [~1,1] when p < 1+| | (1 + %),
ae Sy, = [BRg’p (-1, BR?W (1)] when

1<1+1)<p<min<1<11) 1(1+M> 1+1>
1+ |al s N 1+ |al B) 1+lal B) B

For larger values of p < 14 %7 52, is restricted to one value or a ¢ S5°,. Hence,
a is a p—consensus outcome with

. 1 |al 1
= (i (4 5) 14 5)

The minimum is 1 +% iff |a] < f%. This shows the result in the case 5 < *ﬁ'
[ |

Computations underpinning correlate equilibria in Sec-

tion 3.1
Given that p = 1 + %, B < —1and —1/8 > a > 0, computations show

ay < 1 for € small enough (note that fa +a —a’ < —a’ < 1) and ay > a
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(1—-¢)B
1—Be

agent. Computations show a; > —1 (since ¢ga + (1—¢)a’ < a < —%) and
ay < @’ follows from the lower bound on q. Hence, d; is the optimal action for
an "informed" agent. Lastly, o and o’ satisfy the equilibrium conditions. The
conditions ay € (a,1) and ay € (—1,a’) imply o,/ € (0,1). B

A heterogenous prior distribution can be defined.

follows from a’ < a. Hence, ay is the optimal action for an "uninformed"

In the second subcase a > —1/8, p = ﬁ (1 + %), for any small enough

€ > 0, we define the correlated equilibrium as follows. The 2 outcomes are a and
some other outcome a’. There are 2 types of agents: Either an agent holds the
"uninformed" belief (@ with probability p — ¢ and @ with probability 1 —p+¢)
and plays an action ay (defined below), or an agent holds the "almost informed"
belief (@ with probability ¢ > p and a’ with probability 1 — ¢) and plays the
action —1. When the outcome is @, a proportion « of agents (defined below)
holds the "uninformed" belief and the remaining proportion holds the "almost
informed" belief. When the outcome is @’, the proportion of agents holding the
"uninformed" belief is @’ (defined below).

We now write the conditions ensuring that this distribution of actions and
beliefs is a correlated equilibrium. The optimal action ay of an "uninformed"
satisfies

av=p((p—e)a+(1l-p+e)a)e (-11),

and the optimal action of an "almost informed" is —1 if
-1>p(qa+(1-qa).

When the outcome is @, given the distribution of beliefs in the population, the
equilibrium condition is

a=a(-1)+ (1 - a)av,
and, when the outcome is @', the equilibrium condition is
a =d (-1)+(1-d)ay.

An equilibrium is obtained for (o, o, q,a’, ay) satisfying

—/ _ 1_5(17_6)& .
e (1) S Lo

1 =/

Z+ta
q€<_[_3 _/71>

a—a

and

ELU a
- € (0,1),
“ ay +1 (0.1)
, ay —a’
= 0,1
@ ay +1 ()>



(note that there exist parameters values consistent with these conditions since
1 =/

—1<%<0and—§j§, <1).

Proof. Given that p = Fla (1 + %), B8 < —1 and a > —1/8, computa-

tions show ay < 1 for € small enough (note that a(6—1)a’ < a(l—-75) <
(14a)—(B8+a)a) and ay > a follows from @’ < %a. Hence, ar is the
optimal action for an "uninformed" agent. The condition on ¢ implies that the
optimal action of the "informed" is —1. Lastly, o and ' satisfy the equilibrium
conditions. The conditions Gy > a and @’ < 0 imply «, o’ € (0,1). B

The last case (6 < 0 and a < 0) is analogous to the above case 5 < 0 and
a > 0, using +1 instead of —1 as a 2nd outcome when needed (to check this
point, one just has to multiply every equilibrium condition by —1).H

Proof of Proposition 5

We first give some notation. For every @ in [—1,1], the best response
BRy,, (@) is the solution of:

max pu (a,0)+ (1 —p)u(a,a).

With the notation of the previous section, an element 7 in T is such that 7,
is a Dirac measure on u. Then, 7 is characterized by a distribution on A (that
is 7,). With a slight abuse of notation, we identify an element 7 in 7" with its
marginal 7, on A.

We check the following simple lemma:

Lemma 2. Consider an interval of actions [a_,a+] (0 € [a—,a]), an action
that is a best response to some beliefs on [a_, a,] putting at least probability p
on 0 is an action in the interval [a’_ , a’_& where
o= inf BRy,(a) anda/, = sup BRy,(a),

éE[a,,a+] ﬁG[af,GHF}

Proof of the lemma. The best response a of a player to belief on [a_, a ]

putting at least probability p on 0 solves a FOC

pui, (a,0) + (1 - p) / o, (a,3) dP (a) = 0,

where dP is some Borel measure on [a_, ay]. Notice that the LHS of this FOC
is an integral over the family of functions pu!, (a,0) + (1 — p) v}, (a,a) (indexed
by a@). Furthermore, BRy , (a) is characterized as the solution of

pul, (a,0) + (1 —p)u., (a,a) = 0.

The lemma follows. W
We are now in a position to define the sequence of sets Sg ,. To this purpose,

denote a® = —1 and ai = +1 and, for every n > 1, define itératively the values
a” and a? in [-1,1] by
Yn>1,a" = inf BRy (a) and al} = sup BRy, (@),
acla” "] a€fa” a7
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clearly, 0 € [a™,a| and [a™,a?] C [a""1, a7 1] for every n).
+ + +

o T, (that is S§ ) is the set of distributions on [a%,a}] putting at least
probability p on 0

e An action that is a best response to some beliefs in S§ , is an action in
[at,a}] (from the Lemma above)

e As every player is rational and has beliefs in S&p, the aggregate action is
in [al_, a#]. Hence, ¢ (Sg)p) is the set of distributions on [al_,ai].

° Sé’p =9 (Sg’p) N 584, is the set of distributions on [al,aﬁr] putting at
least probability p on 0.

A comment about this argument: the key point here is that p has 2 effects
on the transition between 5’6”;1 and S ,: the "straight" effect that S, is a set
of distributions on a subset X of actions putting at least probability p on one
specific action (the equilibrium), and the other effect (on which the iterative
contraction argument relies), that the support X on the distributions in Sg,
shrinks with p (X decreases in p, for a given size of the support of S&;l).

We now iterate the argument:

o If S&;l is the set of distributions on [a’iﬁl, a’jfl] putting at least prob-
ability p on 0, then an action that is a best response to some beliefs in
5’&;1 is an action in [a”,a’] (from the Lemma above)

° (S&;l) is then the set of distributions on [a’i, ai]

e Sy, =9 (S&;l) N 58717 is the set of distributions on [aﬁ,a’j_] putting at

least probability p on 0.

By a standard argument, the two sequences a” and a’ converge, and Sg5,
is the set of distributions on [a‘f’, a‘f] putting at least probability p on 0. Sg¥,
reduces to the equilibrium iff a> = a3* = 0. If S§7, does not reduce to the
equilibrium, then every distribution on [aio, af] putting at least probability p
on 0 is a p—consensus distribution.

A necessary condition for a® = a$° = 0 is that BRy , is locally contracting
at 0, that is:

|BR;, (0)| < 1.

By the implicit functions theorem, we have:

(1 = p) ugs (BRoy (a) @)
puy, (BRoyp (@),0) + (1 —p)uy, (BRoy (@) ,a)

Then (given BRy , (0) = 0)

BR(I),p (C_l) = -

L p)uly (0.0)
BR' - _ ( aa \Y5
fop O == 00y
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and the condition {BRf)’p (0)| < 1 writes:

a

! (O
>1-— @ ,
b ullz (0,0)

or, equivalently (differentiating the FOC v/, (BR (a),a) = 0 at (0,0)):

> 1 ! (©6)
"o T BROT
On the other hand, a sufficient condition for > = a$° = 0 is that BRy ,, is
globally contracting;:
Va e [-1,1],|BR;, (a)| < 1.

If M < 1, then this condition holds true for every value of p and p = 0. We
assume M > 1 from now on. We have (given u, < 0):

_ (1 —p) lugs (BRo,p (@) ,a)|
plufy (BRoy (a),0)| + (1 —p) [ug, (BRoyp (@), a)]’
and |BRy, (@)| < 1 writes:

5 ( -1)

The RHS of this inequality is smaller than (M — 1)m > 0. It follows that the
sufficient condition for convergence holds for every p such that l"%p is above this
upper bound. Hence, the degree p of p—stability satisfies:

|BRj,, (a)|

Uaa (BRop (@), a)
ug, (BRoyp (@), a)

Uaa (BRop (a) @)
uia (BRop (@), 0) |

— M-1

or, equivalently:
1
p<1l— . 7
b 1+(M—-1L)m 0
The existence of p is shown in Proposition 2. Inequalities (6) and (7) imply
the first part of the proposition. Propositions 1 and 3 imply the result on
p—consensus distributions. W
Proof of Proposition 8.
As the economy is sequentially regular, using the implicit function theorem,
we obtain the existence of a neighborhood N(72,¢) of &3 such that evaluated
at the PFE (71, ¢, 72),

-1
dry = — (/ %&é(fchy)di) / (0,55 + 0x, 5%} ]di

where dy’ = 0, y'dm + 0,9'dq + Or,§'df" and d&| = O, X\dm + 9,Xidq +
Or,Xidf" for all i € I and dmy = (71 — p1), dg = (q — §) and df* = (f' — 7).
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As the PFE is sequentially regular, J;' = < zl 22 ) exists. From the
3 24

market clearing conditions in the spot markets at ¢ = 1, by computation,
it is checked that dm = —z1([ On,Xidf'di) — 22([ O, 9'df'di) while dg =
—z3( [ On, X4 dEdi) — 24([ Or,§'df'di). It follows that setting

+([(9yx50,5" + auXQa X)d )(2387725<Zi + 2407,9")

_ Nt (S (0yx50p, 9 4 0, %50R, K]) di) (2107, % + 2207,F")
M (/87T2x2dz>
—(0y X307, 5" + O, %50, %1)

for each ¢ € I yields the desired conclusion.

Let B(¢) = {x € R : ||z — #2|| < &}. By choosing N(#2,e) C B(£) so
that 11§ C B(&), the ﬁrst order approximation used in part (i) applies to all
assignments of expectations f : I — II9. It follows that

Iy o = {m2 € N(@2,¢) : dmy = /Mldf’dz for somef: I — 115, }OH
forn=1,2,3,.... Let v:I— I19 be an assignment. For each i € I, define v'* €

S(€) by sign vl = sign Vz Suppose there exists € > 0 such that Hf MidvidiH <
g, for all assignment of expectations v : I — S(£). Observe that the map v’ :

I — S(&) is an assignment. As ||.|| is a monotone vector norm, dezH <
Hszdv”dzH < & Let y(1) = sup,.qmg M. Then, (1) < l.and
I3, N1I9 5 € B(v(1)é). For n=1,2,... define y(n) = SUD,,._pn-t M.
Observe that 115, N H;ﬂgl C B(vy(n)&). Further, as |.|| is a monotone vector

B(7(0)"&) = {#a}. As {&y} C Iy, it follows that o = {72}

Next, suppose there exists £ > 0 such that Hf MidvidiH > ¢, for all as-
signment of expectations v : I — S(g) where ¢ < & Then, (1) > 1 and
B(y(1)g) € O54 N H;Bl so that B(y(1)€) C Nu>olly, so that ﬁg,o # {f2}.
Suppose there exists £ > 0 such that Hf M’dv’di” > ¢, for all assignment of
expectations v : I — S(¢), for each € < &. For mg € N(79,%), there exists &’ > 0
and an assignment of expectations v : I — N(#2,&’) such that [Midvidi =
ma. Denote the corresponding set Ms, v and let Mi, = UyevMs, . Note
that Mz, C N(@2,¢’). Hence, for any my in N(#3,¢), whenever ¢ is small
enough, Mz, C N(p2,€’), so that Mz, = M,,; moreover, M, C ﬁz)o for each
g € N(f2,€"”), and hence, N(f9,e"”) C 1:I20 for all ¢” < . By assumption,
I, 0 € N(#2,2), by continuity in p, there exists p > 0 such that for all p < p,
Hgm g N(ﬂ'g, )

To check that the condition that || [ M’dvidi|| < & is invariant to the choice
of the second period numeraire, note that multiplying all prices by the same
positive scalar 5 > 0 implies that € on the right hand side of the condition is
now (¢ while the expression on the left-hand side is equal to

-1
|/ (/ O, X5 (X1,¥ di) [0,%5dy" + 0., X5d%}]di|| = 8 H/Mividz‘
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for all v : I — S(&) which implies that the condition itself remains unchanged.l

Proof of Proposition 9.
For a fixed assignment of expectations v :I—IIY, II9 = N (fs,¢), for some
sequentially regular PFE (71, ¢, r2),

-1
H/Mividi - H (/ O, X5 (X1, ¥ ) /[ayfcgdyi + Oy, XbdXi|di

As market clearing in both periods is common knowledge, i yidi = 0 and
[ %idi =Wy and therefore, [dy'di = [ d%idi = 0. If both

0,R5(R1,9° (71,4, 7)) = 0, %5 (X1, 9" (71, 4, 72)))

azlf(é(f(lla’;r?ayz) = 8m1)2%()211’ﬁ2’5/l)
for all i,j € I, [[0,%5d9" + O, %5dRi]di = 0, which, in turn, implies that
| [ Mividi|| = 0 for every v :I—S(e), and every & > 0 such that S(e) C IIS.
Therefore, for n = 1,2, ..., I[I§ = {#2}. By continuity of ||.||, there is an & > 0
such that if

max {0,565 (%1 72,5%) — 0, %5(%0 72,9")| |00, 4K 2, 57) — 00 K (K25 |} < &0

for all 4, j € I, there exists ¢ > 0 such that S(g) C II3 and Hf Miv ZdzH <eg, for
all v : I — S(g) and by Proposition 2, Iy 0= ng {2}, 0 < p < 1. Next, note
that using the expression for M? derlved in Proposition 1, by continuity of |||,
there is an €5 > 0 such that if max{Hamy || H('97T2x1||} < &y, for all i € I, there
exists & > 0 such that S(e) C II3 and || [ M'vidi|| < e, for all v : I — S(e).
Finally, the set £ = min {&1,£>}. B
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