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Abstract

This paper presents a novel approach to solving dynamic programming problems using
value function iteration based on the tensor train decomposition that is not subject to the
curse of dimensionality. The tensor train decomposition approximates high-dimensional
functions by expressing them as a series of interconnected cores, producing an approxi-
mation that separates by variables. This approach is well-suited for approximating and
integrating a high-dimensional function such as a value function. I apply the method to
a range of models and compare its performance against policy iteration and established
sparse-grid techniques involving Smolyak and hyperbolic cross polynomials. For models
with as few as four state variables, the tensor train method is shown to be faster and
comparably accurate to leading sparse-grid alternatives. This paper introduces the first
application of tensor trains to solve dynamic optimization problems in Economics, offering
a powerful approach to solve high-dimensional macroeconomic models.
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1 Introduction

As macroeconomic models become larger and more realistic the difficulties encountered when
solving and analyzing them grow more acute. Even relatively simple macroeconomic models
with only a few few state variables can be time-consuming to solve numerically to any reasonable
accuracy, particularly when some of the state variables are stochastic, introducing the need
to form conditional expectations. This problem, which Richard Bellman (Bellman, 1957)
dubbed the “curse of dimensionality”, is a central reason why perturbation methods continue
to be widely used to solve macroeconomic models. This is not to say that alternatives to
perturbation are not available. Although standard collocation and Galerkin methods based on
Chebyshev polynomials or other basis functions are subject to the curse of dimensionality, there
is increasing recognition and use of sparse-grid methods, such as Smolyak (1963) polynomials
and hyperbolic cross polynomials (Ding et al. (2018)), introduced to Economics by Kruger
and Kubler (2004) and Dennis (2024), respectively.

The main obstacles encountered when solving macroeconomic models center around the
need to approximate and integrate high dimensional functions, such as decision rules or the
value function in a dynamic programming problem. A tensor or multidimensional array can
be viewed as a discretized function. One constructs a set of approximating points for each
variable and then populates the array by evaluating the function at each point on the grid
formed by the tensor product of the approximating points. Compression techniques that allow
an array to be (approximately) recovered using a smaller set of points can be viewed as a form
of function approximation. Depending on how the array is compressed, the approximation
may lead to enormous economy regarding the number of approximation points and to rapid
numerical integration.

This paper develops a method for solving macroeconomic models using value function iter-
ation based on the tensor train decomposition of an array. Tensor trains have their origins in
computational physics where they are known as Matrix Product State and are used to simulate
quantum many-body systems. Rediscovered by Oseledets (2009, 2011) in the realm of compu-
tational linear algebra, there are now several established methods for undertaking tensor train
decomposition (Oseledets 2011; Oseledets and Tyrtyshnikov, 2010; Savostyanov and Oseledets,
2011; Dolgov and Savostyanov, 2020) and standard algebraic operations involving tensor trains

have been developed. The tensor train decomposition can be applied widely and delivers an



approximation to the original array whose errors are bounded. Importantly, tensor-train ap-
proximations are often quickly obtained and algebraic operations involving tensor trains, such
as addition, inner-products, and Kronnecker products, etc, and numeric operations, such as
cubature, are not subject to the curse of dimensionality.

The tensor train decomposition gains its usefulness by expressing an approximated tensor
through a series of interconnected carriages or cores, one core for each variable that enters the
function. In effect, the tensor train decomposition performs a separation by variables. Where
each core in the train takes the form of a three-dimensional array, I go a step further and develop
a functional tensor train approximation whereby each core, each three-dimensional array, in the
train is expressed in the form of a matrix of univariate functions, leading to a functional tensor

1A functional tensor train allows us to approximate a function with another for which

train.
the variables are separated. This separation by variables allows the approximated function to
be rapidly evaluated, differentiated, and integrated, while the compression step used to form
the approximation disciplines the number of approximating points used.

I show how tensor trains can be brought to bear to solve dynamic programming problems
using either value function iteration or policy iteration. For policy iteration I consider two
schemes: one based on the Bellman equation the other on the advantage function associated
with reinforcement learning. I illustrate the methods using a simple stochastic growth model
that has been extended to accommodate a variable number of shocks. To underscore the
advantages of using tensor trains, I also solve the model on a dense tensor-product grid using
Chebyshev polynomials and on sparse grids using Smolyak polynomials and hyperbolic cross
polynomials. Based on the tensor train approach, I find that value function iteration is faster
than either form of policy iteration, while being equally accurate. Howard iterations did not
improve the performance of the policy iteration schemes. Between the two policy iteration
methods, I find that using the Bellman equation is faster than using the advantage function.

Having established that value function iteration using tensor trains performs well, I next
compare it to methods involving Chebyshev polynomials on a tensor-product grid and Smolyak

and hyperbolic cross polynomials on sparse grids. For the two-state version of the model,

!'Bigoni, Engsig-Karup, and Marzouk (2016) and Gorodetsky, Karaman, and Marzouk (2019) also develop
methods for constructing functional tensor trains. The former parameterize the functions in the tenor train
and then solves directly for the parameters in a single step. The latter use a continuous version of the singular
value decomposition to find a functional tensor train without the need to specify sampling points for each spatial
variable. My approach has the advantage of being considerably more simple to implement.



all four methods work well, but the tensor train method is the slowest and arguably least
accurate. For the three-state version of the model, all three sparse grid methods have accuracy
equaling the solution obtained using Chebyshev polynomials on the tensor product grid, but
are considerably faster. Among the three sparse-grid methods the tensor train method is
faster than using Smolyak polynomials, but slower than using hyperbolic cross polynomials.
However, for the four-state version of the model the tensor train method really begins to
shine. Where using a tensor-product grid takes an inordinate amount of time, the tensor train
approach is faster than using hyperbolic cross polynomials and considerably faster than using
Smolyak polynomials, while delivering equivalent or better accuracy. In effect, for a model
with just four state variables that requires quadrature over three of them, the advantages of
the tensor train method are readily apparent.

Because it operates by compressing arrays, the tensor train solution method requires that
the decision variables as well as the state variables be discretized, at least as an intermediate
step to forming a functional tensor train. Omne advantage of this discretization is that the
approach can be applied directly to models with discrete choice variables. In the case where
the choice variables are continuous, we are interested in the extent to which discretizing the
choice variables impairs accuracy. For our extended stochastic growth model, employing a finer
discretization for the choice variables does improve accuracy at the margin, at the expense of
slower solution times.

I am not aware of any other paper in Economics that uses tensor trains to solve dynamic
stochastic optimization problems. Outside of Economics, there is a small literature that ap-
plies tensor train methods to the control of robotic systems using either dynamic programming
or (stochastic) optimal control (Gorodetsky, Karaman, and Marzouk (2015); Boyko, Oseledets,
and Ferrer (2021); Shetty, Lembono, Léw, and Calinon (2024); and Shetty, Xue, and Calinon
(2024)). In contrast to ourselves, these papers explore continuous-time models while Shetty,
Lembono, Loéw, and Calinon (2024) and Shetty, Xue, and Calinon (2024) also focus on en-
vironments that are deterministic. Our analysis focuses on discrete-time stochastic models
with forward-looking rational decision-makers and provides a comparison to other sparse grid
approaches.

The remainder of this paper is organized as follows. In Section 2 I discuss the curse of

dimensionality and two sparse-grid methods, Smolyak polynomials and hyperbolic cross poly-



nomials, that can be used to mitigate its effects. In Section 3 I introduce reduced rank methods
for approximating functions, illustrating the methods first in the context of a bivariate function
and then extending the analysis to multivariate functions with an arbitrary number of vari-
ables. I describe here the principle tools needed to implement the tensor train decomposition
and show how a functional tensor train can then be formed. I demonstrate the power of tensor
train approximation in Section 4 by applying it to a high-dimensional function with as many
as 1,000 variables. In Section 5 I show how tensor train methods can be brought to bear to
solve value function iteration and policy iteration problems. I apply the approach to an ex-
tended stochastic growth model and show that the tensor train approach works well, delivering
equal accuracy together with faster solution times than other sparse-grid methods for models
with as few as four state variables. Section 6 reports analogous results for a Ramsey policy
problem and a multi-country international business cycle model, complementing the analysis

of the extended stochastic growth model provided in Section 5. Section 7 concludes.

2 The curse of dimensionality

It is common practice to use orthogonal polynomials to approximate univariate continuous
functions. The basis for this approach is the Weierstrass theorem, which states that any con-
tinuous function can be approximated to arbitrary accuracy using a polynomial. Orthogonal
polynomials, such as Legendre polynomials or Chebyshev polynomials, are generally used in
place of standard polynomials because, while they span the same space, they enjoy superior
numerical stability properties.

In the context of multivariate functions, a natural and widely-used approach is to form
the approximating polynomial from a tensor-product of univariate basis functions. Suppose
that the number of spatial dimensions is denoted d and that the number of sampling points
along each dimension is denoted n, then the number of sampling points needed to form the
approximating polynomials involves n? points, which can be large for moderate d even if n is
relatively small and increases exponentially with d. This problem is known as the curse of
dimensionality. An increasingly common approach when the curse of dimensionality bites is

to use a sparse grid method.



2.1 Sparse grid interpolation

In many instances the functions that we need to interpolate are not just continuous, but also
have some continuous derivatives. Functions that have bounded mixed derivatives open up
the possibility of using effectively sparse grid interpolation methods. The smoothness of these
functions allows them to be well-approximated while being sampled sparsely.

Suppose that Q € R? is a compact set and that we seek to approximate f(x) € Wi, x€Q,
where:

alill f(x)

Wy = {f(x) %%,\\THOO < 00, [lifl Sq}, (1)

and i is a multi-index indicating the order of differentiation with respect to each variable in x.
Functions in this class have mixed-partial derivatives up to order ¢ that exist and are bounded.
Smolyak’s (1963) construction, which operates well on functions in the class W%, builds on
nested approximation layers and if the number of layers is denoted p, then the number of
interpolating points N 5 used is known to increase polynomially in d for given pu. For example,

Kruger and Kubler (2004) report that the cardinalities for 4 =1, 2, and 3 are:

N} = 1424, (2)
4

N? = L+4d+ 5d(d - 1), (3)

5 12 8

Ni = 1+8d+ d(d—1)+ cdd-1)(d - 2), (4)

respectively, which are p’th order polynomials in d.
An alternative to the Smolyak construction is the hyperbolic cross (see Ding et al. (2018)
for a survey). The hyperbolic cross approach requires f(x) € Wg, but leads to grids with

even lower cardinality than Smolyak’s construction. Specifically, the grid for the standard

hyperbolic cross? is constructed from the set of multi-indices, S*", that satisfy:
d
S = {i = (i1,...,iq) € Z: [] (35| + 1) < h+1}, (5)
j=1

where h € {0,1,2,...}, with the number of candidate approximating points along each dimen-
sion given by:

n=2h+1. (6)

2Dennis (2024) describes the hyperbolic cross approach, and its implementation, and develops a generalization
that bridges from the standard cross to the full tensor-product grid.



In the bivariate case (d = 2) the grids for the layer-four Smolyak polynomial and the
corresponding hyperbolic cross polynomials (h = 8) are shown in Figure 1. The two grids
have the same number of points (17) along the main axes, but place the off-axis points in
different locations and have different numbers of total points. Where Smolyak uses 65 points
and tends to place the off-axis points out in the corners, the hyperbolic cross uses 57 points

and groups the off-axis points around the center.

A: Smolyak grid, u =4 B: HC grid, h = 8
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Figure 1: Smolyak and hyperbolic cross grids

Sparse grid approximation methods work well when ¢ is high and can work poorly when
applied to functions that do not have continuous derivatives.?
One type of function to which sparse grid approximation is well-suited are functions that

separate by variables. Consider the bivariate function f(x1,22) and suppose that it can be

3For this reason sparse grid methods are generally not well-suited to models that, for example, have occa-
sionally binding constraints, losing their theoretical advantages in such contexts.



expressed as:
f(x1,22) = g1(21)g2(22). (7)

In this case the function f(x1,x2) is a rank-1 function that separates by variables. If
g1(z1) and go(z2) are both W{ functions, then f(z1,z2) € Wi has many bounded mixed-
partial derivatives, including some of order 2¢. Functions that separate by variables have
higher smoothness, which can be exploited for interpolation. In practice it is unlikely that the
function we are interpolating will completely separate by variables, but such strict separation
is not needed. What is needed is that the function has bounded mixed-partial derivatives,
which implies partial separation by variables facilitating the use of sparse interpolation (Novak

and Ritter, 1998).

3 Reduced rank methods for function approximation

Suppose we have a multivariate function f(x) : Q — R, where f(x) € Cy(Q2) and 2 is compact.

We will approximate f(x) using a functional tensor train:

To 1 T2 Td
f(xth’ . ’$d) ~ Z Z Z . Z fl(ao,al)(xl) 2(a1,a2)(x2) . féadil’ad)(xd), (8)

ag=1a1=1a2=1 ag=1
where rg = rq = 1. This functional tensor train approximation can be seen to be sums of rank-

1 functions, functions that separate by variables. Equation (8) can alternatively be expressed

in terms of function-valued matrices:

flx1,x,...,xq) = Fi(x1)Fo(x2)... Fa(xq), (9)
where:
f,ﬁl’l)(a:k) . f;il’”“)(xk)
Fr(ar) = : f ; (10)
G ) T )
k € [1,...,d], in which case evaluating the approximation at any point x € £ simply requires

matrix multiplication.

To construct a functional tensor train, we must determine the tensor train ranks, r1,...rq_1
and all the univariate functions f,gaj’a’)(xk), where k € [1,...,d], 7 € 10,...,d—1], and | €
[1,...,d]. We will construct a functional tensor train using a tensor train as an intermediate

step, and this will require sampling points for each of the d variables, x € {:L',lg, ..z "}, where

7



ke [l,...,d]. Given these sampling points, we can in principle form the d-dimensional array,
or tensor, A, by evaluating f(x) at each point on the tensor-product grid formed from the
univariate sampling points.

The tensor train decomposition of A has the form:

0 1 Td
Alivyig, - yigm > Y > Gilag,ir,01]Galan, ig, 2] -+ Gglaa—1, i, ag), (1)

ap=1a;=1 ag=1

where the Gplag—_1,ik, ax], k € [1,...,d], are the cores in the tensor train, also called tensor
train carriages. Each carriage, or core, is a three dimensional array, and the k'th core has
dimensions r5_1 X ng X 7.

Suppose, for simplicity, that iy € [1,...,n] for all k € [1,...,d] and that oy € [1,...,7], for
all k € [1,...,d], so there are n sampling points for each variable and the tensor ranks all equal
r. Then the tensor, A, which contains N = n elements, is approximated by a tensor train
consisting of 2nr + (d —2)nr? < dnr? elements (d > 2). If r is small, then the compression can
be large and the savings can be huge. Moreover, strikingly, the total number of elements in
the tensor train, while increasing quadratically in r, increases linearly in d—essentially there

is no curse of dimensionality.

3.1 The bivariate case

To illustrate how a functional tensor train approximation can be formed it is useful to first
focus on the bivariate case. For a continuous bivariate function, f(z1,z2), the functional

tensor train approximation has the form:

f(z1,22) Z Z Z FEO (@) 571 (w9), (12)

ap=1a1=1az=1

where rg = ro = 1 and ry is ideally small.
Given vectors of sampling points x; and x2, of length m and n, respectively, we can, in

principle, apply f(x1,22) to each point on the sampling grid to form the m x n matrix, A.

3.1.1 Truncated singular value decomposition

Any matrix A € SR"*" has a Singular Value Decomposition (SVD):

A =USVT, (13)



where U € R™*™ and V € R™ "™ are orthonormal matrices and S is a diagonal matrix whose
entries are the singular values, o1 > 09 > ... > 05 > 0, where s = min(m,n). If A is a rank-r

matrix, r < s, then there will be only r non-zero singular values and A can be interpolated by:
A =USVT, (14)

where U contains the first » columns of U, S contains the first 7 singular values of S, and \Y%
contains the first r columns of V.

A full-rank matrix may, however, have some singular values that are “small”, close to zero.
The truncated SVD allows a matrix to be approximated to arbitrary accuracy by retaining the
columns of U and V associated with the singular values that are greater than some threshold

€ > 0. The truncated SVD gives the approximation:
A =USVT 1+ E, (15)

where U and V are orthonormal and the diagonal elements of S are the retained singular
values, o1 > 09 > ... > 0, > ¢, where r < s, and E is the interpolation error. Using the
Frobenius norm, the error introduced through the truncation is given by:

Ellr = (16)

IN

(17)

which is governed by e. Usefully, then, the truncated SVD facilitates matrix compression while
allowing the magnitude of any accuracy loss to be controlled.

Three important aspects of the SVD are first that it always exists, second that it is numer-
ically stable, and third that it is rank-revealing. The number of non-zero singular values is
equal to the rank of A. A drawback of the SVD is that it requires the entire matrix, A, to be

constructed and stored, which can be time-consuming and memory-demanding if A is large.

3.1.2 Skeleton decomposition/approximation

Suppose that A is an m X n matrix with rank r. Without loss of generality, A can be

A= [A“ A”] : (18)

block-partitioned according to:

Ao Ay



where A1 is 7 X r and has full rank. By construction, it must be the case that:
Aoy = Agi AT A g, (19)
It follows that A can be interpolated by the skeleton decomposition:
A = CA7'R, (20)

where C = A[:, J] is a matrix containing  columns of A, where the column-indices are contained
in J, R = AJL:] is a matrix containing r rows of A, where the row-indices are contained in I,
and A = AL J]. Thus, provided r is known, we can interpolate A by computing the m x r
matrix C and the r x n matrix R (the intersection of C and R determines A) Moreover, any
r columns of A can be used to construct C and any r rows of A can be used to construct R,
provided the implied A matrix has rank r.

In the case that A actually has rank s, but the assumed rank in the skeleton approximation

is r (r < s), Goreinov and Tyrtyshnikov (2001) proved using the Chebyshev norm that:
A2z — Az A Avzllo < (r + 1)orr1(A), (21)

where 0,11(A) is the r+ 1’th singular value for the matrix A, provided that Aj; has the largest

volume? of any of A’s r x r submatrices. It follows that the rank-r skeleton approximation:
A =CA'R+E, (22)

produces an interpolation error, ||E||c, whose magnitude is affected by the choice of A. Ac
cordingly, the precise rows, I, and columns, J, used to construct R and C, respectively, matter
for the interpolation error. However, in the Chebyshev norm, the magnitude of the interpola-
tion error is smallest when the volume of A is largest.

The advantage of the skeleton approximation is that it can be computed without forming
the entire A matrix (one just needs r rows and r columns of A). Disadvantages are that
the approximation requires that the value for r be provided. The skeleton approximation is
not rank-revealing and, for accuracy, it requires finding the r rows and r columns of A that

produce the A submatrix with largest volume.

4The volume of a matrix is defined to equal the absolute value of its determinant.
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3.1.3 A functional approximation

Suppose we have an m X n matrix A with approximate rank r, i.e., there are r singular values
greater than or equal to the chosen tolerance, e. For the matrix A, we can construct the

truncated singular value decomposition:

A ~ USV’, (23)
~ G1G2. (24)

where G = Uisanm xr array and Go = SVT is an r x n array. The matrices G; and
Go are the cores in a discrete tensor-train approximation of A, an approximation requiring
(m+n)r values where A contains mn elements. Provided r is small, the tensor train provides
a compression that allows A to be accurately reconstructed using vastly fewer points.
Alternatively, given r and the function to produce each element in A, we can construct the

skeleton approximation:

A ~ CA7'R, (25)
~ élég, (26)

where the cores in the tensor train are now given by Gi1 = CA~! and Gy = R and whose
construction requires (m + n)r values.’

The final step is to construct from the tensor train a functional tensor train. Consider
either G1 or Gl. Each of these matrices has dimensions m x r, where m is the number of
sampling points for the first spatial dimension and r is the approximated/given rank. For each
column of the first core the sampling points are known and ordered from 1 to m. This allows
us to use the values in each column of the first core to construct an interpolating function.
The exact interpolating function used will depend on the precise sampling points used. If,
for example, the sampling points are the Chebyshev extrema or the Chebyshev roots, then
cach column of G, or G can be interpolated using a univariate Chebyshev polynomial with

order m — 1. An analogous procedure can be used to construct univariate polynomials that

5The cores in a tensor train are not unique, so there is no reason to expect G1 ~ G1, for example.

11



interpolate the rows of Go or G,. The result is an approximation:
1,1
£ ()

faves) =~ ({0 o (el || (27)
157 ()

1 r 1
S Y A ) 00 (), (28)

ap=1a1=1az=1

Q

where the approximating function is a functional tensor train.

3.2 The d-dimensional case

The previous section showed how to construct a tensor train to approximate a matrix, and how
that tensor train could then be used to produce a functional tensor train. The success of the
approach rested on the generality of the SVD and the skeleton approximation. We now return
to the d-variable case where we are interested in approximating a continuous multivariate
function f(x) : @ — MR, where f(x) € Cy(2) by a functional tensor train in the form of
equation (8) or equation (9). As stated previously, we will first construct a tensor train based
on sampling points for each spatial dimension and then we will use univariate interpolating
functions to construct a functional tensor train from the tensor train.

Creating a functional tensor train from a tensor train is relatively straightforward, even if
it involves many univariate functions and many variables, so we will focus primarily on how to
undertake the tensor train approximation, how to form the tensor train decomposition. To fix
ideas we will begin with the case where (conceptually at least) the full d-dimensional array has
been constructed using the function to be approximated, which allows the tensor train to be
constructed through successive applications of the truncated singular value decomposition (TT-
SVD), developed in Oseledets and Tyrtyshnikov (2010) and Oseledets (2011). Subsequently,
we will look at the case where the full d-dimensional array is not needed, with the tensor train
constructed by combining the rank-revealing SVD decomposition with aspects of the skeleton
approximation (DMRG cross). The DMRG cross algorithm was developed in the context of
numerical linear algebra by Savostyanov and Oseledets (2011), however the presentation below

draws on Dolgov and Savostyanov (2020).

12



3.2.1 TT-SVD

The k-th unfolding matrix of the d-dimensional array A is given by:
Ap = [Alir g, G -+ -l (29)

where i, € I, = {1,...,n}. Each index iy ---ip € [} x --- x [, points to a row of Ay while
each index tpy1---1g € Ig11 X --- X [ points to a column. These unfolding matrices can be

constructed by simply reshaping A appropriately. Let’s suppose for now that:
rank(Ay) = rg, (30)

fork=1,...d—1.
From the SVD, A can be interpolated by:

A, =U;S, VT, (31)

where U; has dimensions n; X r; and M = SlVlT has dimensions 1 X ng - --ng. The matrix
U; can be trivially reshaped into a three dimensional array with dimensions 1 x ny x r; and
forms the first core in the tensor train decomposition, G1.
We can now reshape M; to have dimensions r1ns X ng---ng and apply the SVD to inter-
polate My:
M; = U,yS, VI, (32)

where Uy has dimensions ring X re, which can be reshaped into a 3-dimensional array with
dimensions 71 X ns X ro and forms the second core in the tensor train, Gs. We can further
construct My = SQVg and reshape into a matrix with dimensions rong xnyg - - - ng. Continuing
in this fashion, applying the SVD successively, each of the d cores in the d-dimensional tensor
train decomposition can be constructed. The final core, G, is formed by reshaping SdVCZlF into
an three dimensional array of size rq4_1 x ng X 1. Modeled on Oseledets (2011), a numerical
algorithm to construct the tensor train decomposition for an array, A, using the truncated
SVD is given in Algorithm 1.

If the unfolding matrices are not only singular, but their ranks r; are known, then the tensor
train decomposition can be formed through an analogous procedure employing the skeleton

decomposition.

13



Algorithm 1 TTsvd

: Inputs: A and the accuracy tolerance, e.

M+ A.

To < 1.

for k< 1tod—1do
M « reshape(M, ri_1ny,
USVT 7, + tSVD(M, ).
Gy < reshape(U,rg_1,n, k).
M « SVT.

: end for

crg 1.

: Gg < reshape(M,r4_1,n4,74).

: return {Gg}e_, {ri}d .

cardinality(M) )
Th—1Mk ’

—_ = =
w N = O

Oseledets (2011, theorem 2.1) establishes that if each unfolding matrix Ay, of a d-dimensional

array has:

rank(Ay) = r, (33)

for k=1,...,d—1, then there exists a tensor train decomposition whose ranks are not higher
than rp. This result makes clear that if the unfolding matrices are singular so that the ranks are
revealed by the SVD, then the ranks in the tensor train decomposition will not be inefficiently
high. This is important because excessively sized cores in a tensor train add unnecessarily to
the train’s storage requirements and they slow computation times.

If, alternatively, the unfolding matrices are not singular, but contain singular values that
are “small”, then the truncated SVD can be applied to find the approximating tensor train, at
the cost of some interpolation error.

Oseledets and Tyrtyshnikov (2010, theorem 2.2) prove that for any tensor A there exists a

tensor train approximation T with ranks {Tk}i;i such that:

I|A —T||r <

where €, is the distance in the Frobenius norm from Ay to its best rank-r; approximation, B,

— ] A, — Bl|p.
€k mnggg)lml\ k 113 (35)

This theorem speaks to the fact that the tensor train approximation has an interpolation

error that is bounded, and related to the sum of the interpolation errors associated with

14



approximating each of the unfolding matrices. Importantly, the interpolation error for each of
the unfolding matrices can be controlled through the tolerance, €, used to truncate the SVD.
The TTsvd algorithm can be a very useful technique for compressing tensors. However, it
requires the full array, A, and, for this reason, it does not circumvent the curse of dimensionality,
even if the resulting compressed array and the resulting approximated function are fast to work

with.

3.2.2 DMRG cross

In this section we show how a tensor train approximation can be formed without having the
full array, A, by using the function to be approximated, f(x), to populate only those parts of
the array that are needed. Because the approach does not require the full d-dimensional array,
only small parts of it, it can circumvent the curse of dimensionality. The basic tool we will use
is the DMRG cross, which combines ideas from both the truncated SVD decomposition and
the skeleton decomposition. From the truncated SVD decomposition we get rank-revelation
and from the skeleton approximation we get the ability to approximate without forming the
entire array.%

Let the index sets J, and Zy be given by:

Tk = {igil“-igk}g};:p (36)
I, = {z’ffk...i‘,j’“};’jc:l, (37)

then Ay [Zy, Ji| refers to an ri X 7, submatrix of the k’th unfolding matrix. With the skeleton
approximation used to approximate each successive unfolding matrix, Dolgov and Savostyanov

(2020) show that the array A can be approximated by the tensor train:
Alfir, ... ig) = Alir, WALy, 77 AL i, Tl AlTs, Jo] - AlZg-1,ddl, (38)

where the tensor train cores are given by:

Gi1 = Afiy, AA[Z, 7], (39)
Gr = A1, i, TlA[L Tl k=2,...,d—1, (40)
Gy = AlZy1,i4). (41)

5An alternative to DMRG cross is Alternating Least Squares (ALS) (Oseledets and Tyrtyshnikov, 2010).
Because the skeleton approximation and is not rank revealing, ALS begins with an over-estimate of the tensor
train ranks and then employs a QR decomposition to reveal the rank of the matrix and then finds the maximum
volume of the Q matrix. ALS is generally less efficient than the DMRG cross method.

15



Constructing the tensor train for a given array, A, therefore, boils down to finding the ranks
7, and the index sets J; and Zy, for k= 1,...,d—1. These ranks and index-sets are identified
by the DMRG cross algorithm.

For given Zj,_1 and Jj1, consider the following 4-dimensional array A[Zy_1, ik, ik+1, Jk+1],
which can be reshaped into a matrix By that has size ry_i1ng X ng41ry41. Now perform the
truncated singular value decomposition: By = UkSkvg. This decomposition reveals the
approximate rank r;. We now find the 7}, indices I}, and J; that maximize the volumes of Uy,
and Vy, respectively. From I} and Z,_; we can construct the nested set Z,. Similarly, from
J7 and Jj41 we can construct the set J;. I implement these ideas through the DMRGecross
algorithm summarized below (c.f. Savostyanov and Oseledets (2011); Dolgov and Savostyanov,

(2020)):

Algorithm 2 DMRGcross

1: Inputs {Zy, Jk, rk}z:, f(x), and the accuracy tolerance, e.
2: sweeps < 0.

3: while The index sets {Zy, J}9_1 have not converged do
4: for k < 1 to d — 1 do (Sweep left-to-right)

5: Use f(x) to populate the 4-dimensional array A[Zy_1, ik, ik+1, Tkt1]-

6: Construct By < A[Zy_1, ik, k11, Trr1] with dimensions r_1ng X ngy17g+1-
8: USVT,Tk — tSVD(Bk,é)

9: I < mazvol(U).

10: J;, <= mazvol (V).

11: Ti (]IZ,Ik_l).

12: T — (5, Tig1)-

13: end for

14: Sweep right-to-left through the cores to recover nestedness of {jk}g;%.

15: sweeps += 1.

16: end while
17: return {Z, Jx, Tk;}g:-

A few comments about the DMRG cross algorithm, Algorithm 2, are in order. First, the
algorithm essentially sweeps from left to right through the cores of the tensor train, construct-
ing the indices for the k’th core while conditioning upon the remaining cores. Second, the
entire array A is not required to construct the four dimensional array in step five. Instead,
f(x) (the function being approximated) is used to populate only that part of the array that is

being worked on. Third, once the ranks and indices {Zy, Ji, Tk}z;i have been determined, it
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is straightforward to construct each core of the tensor train. Fourth, as the algorithm sweeps
left to right through the cores nestedness of the row indices, Z;, C Zy_1 x I, is ensured by con-
struction, but nestedness of the column indices J} is not. However, nestedness of the column
indices can be recovered at the end of each sweep. Fifth, although the algorithm typically
converges in relatively few sweeps—with convergence assisted by the use of submatrices that
have maximum volume—it is not guaranteed to converge.

We have the following two results from Dolgov and Savostyanov (2020). First, if rank(Ag) =
rg, for k=1,...,d— 1, and the submatrices A[Zy, J], are full rank, then equation (38) inter-
polates A. This result shows that if the array, A, being approximated has singular unfolding
matrices, then the tensor train interpolates A. In other words, A can be compressed into a
tensor train containing far fewer elements without any loss in accuracy.

Second, for k = 1,...,d — 1, if the indices {Ik,jk}i: are nested: Z, C Zp_; x I, and
T C Jg—1 % Jk, then equation (38) interpolates the elements in A[Zy_1, i, Jx]. Because the
array A[Zy 1,1, Jx] is a key term needed to construct the k’th core in the tensor train, this
results tells us that if the index sets are nested, then the tensor train approximation should

provide a more accurate approximation of A, and, therefore, of the function that populates A.

3.2.3 A functional tensor train

The tensor train approximation of an array takes the form of equation (38), or, more generally,
of equation (11). At the same time, the cores in a tensor train, which are three dimensional

arrays, can also be expressed as indexed matrices, as follows:
A[’il, e ,id] ~ Gl[il]Gz[iz] s Gd[id], (42)

emphasizing that the structure of the tensor train isolates the indexes for each of the d variables.
For a given index, i1,...,74, the tensor train approximation at that index can be formed by
simply evaluating a matrix product. Alternatively, notice that for each core Gglag_1, i, o],
k=1,...,d, once we condition on particular a1 € [1,...,7%—1] and o, € [1,...,rg], describes
a vector with length n; whose elements are associated with the nodes along the k’th spatial
dimension. This vector can be interpolated by a univariate function. Computing the univariate
interpolating functions for each of the cores leads to a functional tensor train in the form of

equation (8) or equation (9).
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Many choices for the type of univariate interpolating function are possible. One could
use a Legendre polynomial, a Chebyshev polynomial, splines, or a piecewise linear function,
to name a few. What is required, however, is that the sampling points used in the DMRG
cross algorithm are consistent with the sampling points needed to construct the univariate
interpolating function. Thus, if one plans to use Legendre polynomials to form the functional
tensor train, then one should use Legendre points to sample the function in the DMRG cross
algorithm.

It is also worth noting that the interpolation that takes place to build a functional tensor
train occurs core-by-core. This means that some cores can be interpolated and others not,
allowing the approach to accommodate functions that depend on both continuous and discrete

variables.

3.3 Cubature

Once a tensor train or functional tensor train has been formed, numerically integrating that
function with respect to one, many, or all variables is straightforward and remarkably fast.

Take, for example, an array, A whose entries are populated by the function f(x):
A[il, e ,’id] = f(Xl [Z'ﬂ,XQ [ig], e ,Xd[id]). (43)

Suppose we wish to integrate f(x) using the tensor product of one-dimensional Gauss-Legendre
quadrature rules’, with the quadrature weights for each variable given by wy, k = 1,...,d.
Gauss-Legendre quadrature combined with a tensor train approximation of A, implies:

n1 n2

/.. ./f(x)dx ~ Z Z Z G1[i1]Galiz] - - - Galiglw [i1]waliz] - - - walid), (44)

ii=liz=1  ig=1
which, due to the separation of indexes, can be written as:
ni n2 ndg
[ [1ix 3 Gilaanli) Y Galidanli] -+ Y Galaedlial (15)
i1=1 ig=1 ig=1
Numerically integrating over all d variables, therefore, only requires d summations followed by

evaluating the product of d matrices.

"By introducing the appropriate weighting function, one can easily adapt the presentation given here to
implement Gauss-Chebyshev quadrature.
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Alternatively, if f(x) is approximated by a functional tensor train, then employing Gauss-

Legendre quadrature we have:

/ / Fx)dx ~ / / Fi(@0) Fola) oo Fa(a)dzrdas - - - da, (46)
~ /]:1(901)0[951/-7:2(932)d932"'/]:d($d)d93da (47)
~ Y Flalileili] Y Fa(aslia)wnliz] -+ ) Fa(walial)walial, (48)

i1=1 ia=1 ig=1

which, again, requires only d summations followed by evaluating the product of d matrices.
The efficiency with which cubature can be performed stems entirely from the separation of
indexes generated by the (functional) tensor train approximation.

Computing the conditional expectations needed to solve models is similarly straightforward.
For a discrete state space, transition probabilities generated by a finite state Markov chain ap-
proximation, such as Tauchen (1986) or Rouwenhorst (1995), can be applied by approximating
the function whose conditional expectation is sought by a tensor train. For a continuous state
space, Gauss-Hermite quadrature can be applied with the function approximated in the form

of a functional tensor train.

4 An illustration

To illustrate the accuracy and speed at scale of tensor train approximation, consider the Con-
stant Elasticity of Substitution (CES) production function:

1 & g
Y=|% b (49)
p=1

For simplicity suppose that z, € [1,2],Vp=1,...,N. Figure 2 reports the approximation
time and the accuracy associated with the tensor train approximation of equation (49), when

21 uniformly spaced points are used for each z;, and ¢ is set to 2.

Figure 2 shows how the approximation time increases as the number of variables that enter
the function increases (panel A), along with the associated approximated error (panel B). As

N increases the approximation time rises approximately linearly, and, with N equal to 1,000,
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Figure 2: Tensor train approximation of CES function

the approximation time is under six minutes® with the largest absolute error of the order 1e5.
Out of the 21V points on the dense tensor-product grid, when N = 1,000 the approximation

uses just 331,170 of them, a minuscule proportion.

5 Model solving

We will illustrate how the tensor train approach can be used for model solving using an extended
version of the stochastic growth model (Brock and Mirman, 1972); results for a Ramsey problem
and a multi-country international business cycle model are provided in section 6. Consider
an economy populated by a representative household that receives utility by consuming goods
produced according to a neoclassical production technology and that saves by undertaking

investment that augments the capital stock. Expressed as a sequence problem, the decision

8The times shown in Figure 2 were produced without parallelization using Julia 1.12.0 on a desktop using an
Intel 19-14900K chip with 32GB RAM.
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problem for the planner is to choose {ct, s, ki1}g to maximize:

oo 1—0o
¢C - —1
t;ﬁ — ] (50)

with 8 € (0,1) and o € (0, 00), subject to the resource constraint:

U= E,

6ztkta =c + it, (51)
where « € (0, 1), and the capital accumulation equation:
k‘t+1 = (1 — 5€dt)]{3t + eq%t, (52)

with ¢ € (0,1).
The model accommodates shocks to aggregate technology, z;, to investment-specific tech-
nology, ¢;, and to the depreciation rate, d;. We assume that the stochastic processes governing

these three shocks are:

Zt41 = P2t + 06141, (53)
Gt+1 = PqQt T Og€qt+1, (54)
div1 = pads + 0geq i1 (55)

where p; € [0,1), 0; > 0, and €j; ~ i.3.d. N(0,1), for j € {2,q,d}.

This model contains an endogenous state variable, k;, and up to three exogenous shocks.
In our analysis below, we will consider three variants of this model, where the variants involve
changing the number of shocks. As the number of shocks is varied so too is the number of
state variables and the dimensions of cubature required to solve the model.

We will consider two broad techniques for solving this model. The first is value function

iteration the second is policy iteration.

5.1 Value function iteration

To solve the model using Value Function Iteration (VFI) we first re-express the sequence

problem in the form of a continuous state Markov decision problem.?

For convenience, we
also generalize the notation so that it relates to a class of problems for which the extended

stochastic growth model is merely a special case.

9The conditions under which this can be done are well-known (see Stokey and Lucas (1989) or Miao (2014)).
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Let s; denote a vector of state variables and a; denote a vector of choice variables. The
policy function, or decision rule, 7(s;), is a vector-function that relates the choice variables
to the state variables. Further, let u(s;,a;) denote the household’s felicity or momentary
utility function and s;41 = f(s¢, as, €44+1), where €; ~ i.i.d. N[0, X], describe the stochastic law-
of-motion for the state variables.

The value function associated with the decision rule a; = m(s;) is given by:

o
Vi(se) =B | > B ulsers, m(sees) | Vst (56)
s=t
allowing the household’s decision problem to be written recursively as:
V (st) = W;C:H? [u(st,as) + BEL[V (f(se, ar, €041))]], Vst (57)

with:
7 (st) = argmax [u(sg, m (s)) + BEL [V (£(s¢, 7 (st) ,€041))]] sV st (58)
™
To solve the model using value function iteration together with tensor train approximation

we use the procedure summarized in Algorithm 3. The “tt” subscript indicates that the object

is in tensor train, or functional tensor train, format.

Algorithm 3 Value function iteration: global maximization

1: Inputs V2(s;), the candidate grids for s and a, and an accuracy tolerance, .
2: 1+ 0.
3: while True do
4: Given Vji(sy), construct J'(sq, a¢) = u(sy, ar) + BE: [Vii(£(sg, ar, €r41))].
5: Ji(st,ar) < DMRGceross(J*(s¢, at)).
6: Vit %DMRGcross(ngax[th(st, ar)]).
t

Vi (s0) Vi (se)l

len = et
8: if len <~ then
9: Break
10: end if
11: 141+ 1.

12: end while
13: A%, < TTsvd(argmaz[J}(se, ar)])-

at

14: Return V;i(sy), A% (st).

With one exception, all of the steps in Algorithm 3 involve the approximation and integra-

tion tools discussed previously. The exception is the optimization undertaken in step 6, for

22



which we employ a modified'® version of the TTOptimization algorithm developed in Chertkov,
Ryzhakov, Novikov, and Oseledets (2022), which seeks to locate the maximal element of an
array that is represented in tensor train format.'’ Step 13 uses TTsvd, however DMRGcross
could be used instead. Notice that the final step of the algorithm delivers not just the value

function, but also the decision rules.

5.2 Policy iteration

We will consider two Policy Iteration (PI) approaches. The first works with the Bellman
equation, equation (57), the second draws on reinforcement learning and utilizes the advantage
function (see, for example, Sutton and Barto (2018)). When utilizing the Bellman equation,
we solve:

T (st) = argmaz [u(st, ar) + BEL [V (£(st, ar, e141))]], Vst (59)

at

and then update the value function according to:

Vi(st) = [u(st, m(st)) + BEL [V (£(st, m(st), €e1))]], ¥ st (60)

To tackle the problem via reinforcement learning we introduce the advantage (or gain)

function:

G (st ar) = u(sy,ar) + B (Bt [V (£(sr, ar, €041))] =V (st)) (61)

which states that the gain from an action is the immediate payoff implied by the felicity function

together with the discounted expected change in the value function. Then:
7 (st) = max [G (s¢, 7 (s¢))], Vs, (62)
™

with the value function again updated according to equation (60).

To use tensor trains to solve the model via policy iteration we use the solution procedure
described in Algorithm 4. In the case where the gain function is used in place of the Bell-
man equation, line 4 in Algorithm 4 changes to employ equation (61). As noted previously,

DMRGcross could have been used in step 6.

19T have modified the original algorithm, which is designed for unconstrained optimization across all cores in
the tensor train, to optimize over selected cores, which allows the state variables to be taken as given.

1 An alternative at this step is maximize J* (st,as) using a local method such as Newton’s method or BFGS.
This alternative approach tends to work better when there are many choice variables and is used to solve the
Ramsey problems and the multi-country models analyzed in Section 6.
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Algorithm 4 Policy iteration: Bellman equation

1: Inputs V2(s;), the candidate grids for s and a, and an accuracy tolerance, .
2: ¢+ 0.

3: while True do

4: Given Vji(sy), construct J%(sy, as) = u(sy, ar) + BE: [Vii(£(sy, ar, €141))].

5: J{(st,ar) <~ DMRGceross(J*(s¢, at)).

6: Al «TTsvd(argmazx]Jg (s, ar)]).
at

: Construct the approximate decision rule 7(s;) from Af,.
8: Vitl(sy) — DMRGcross(Ji(sy, w(st))).
Vi (s1) =V (so)l

9% len = TR
10: if len < v then
11: Break
12: end if
13: 141+ 1.

14: end while
15: Return Vji(s;), A% (sy).

5.3 Results

In this section we examine the performance of value function iteration and policy iteration
based on tensor train approximation, as per Algorithms 3 and 4, relative to approaches based
on Chebyshev polynomials with a tensor-product grid and Smolyak and hyperbolic cross ap-
proximation based on sparse grids. We consider three variants of the model that depend on the
number of active shocks. Model (a) has only the aggregate technology shock, model (b) has
the aggregate technology shock and the investment-specific technology shock, while model (c)
has the two technology shocks and the shock to the depreciation rate. Importantly, these three
models differ in regard to the number of state variables as well as the number of dimensions of

cubature required to form conditional expectations.

5.4 The setup

For this exercise, we parameterize the model by setting § = 0.99, ¢ = 2.0, a = 0.36, § = 0.02,
p- = 0.99, p; = 0.90, pg = 0.50, o, = 0.01, 04 = 0.01, and o4 = 0.01. We structure the setup
around a layer-four Smolyak polynomial, which dictates that there be 17 candidate sampling
points along each dimension of the state space.'> Accordingly, the tensor-product grid used by

the Chebyshev polynomial method and the candidate grid for the tensor trains consist of 17¢

2To ensure nested layers, the points used for the Smolyak polynomial are the Chebyshev extrema.
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points, where the points along each dimension are Chebyshev roots; for the hyperbolic cross
polynomial h = 8 (see equation 6). The tensor train method used also requires a discretized
grid for the choice variable, for which 51 uniformly spaced points for consumption were used
primarily (see Section 4.7).12 Numerical integration employs Gauss-Hermite quadrature with
11 points for each shock. The Chebyshev polynomial has order 4 over each of the shocks and
order 6 over capital, which also governs the orders of the univariate polynomials used to form
the functional tensor trains. Convergence is based on the value function with a tolerance, =,
equaling 1le 6.

All of the solution methods were initialized using an estimate of the value function formed
by a second-order accurate perturbation solution. Similarly, the Chebyshev, Smolyak, and
hyperbolic cross approximations employed a second-order accurate initial estimate of the con-
sumption decision rule.!4

Numerical accuracy is assessed based on the Euler-equation errors as a proportion of con-

sumption:

S Y oy (S R EE ) A
t

an expression that is not used to solve the model, making it a reasonably challenging perfor-

mance metric.

5.5 TT-VFI versus TT-PI

We begin by considering only the tensor train approximation method and comparing value
function iteration to policy iteration, where policy iteration employs either the Bellman equa-
tion or the advantage function. The three solution methods were applied to versions of the
model that differ according to the number of shocks. In Table 1, (and all the tables that
follow) the model with only the aggregate technology shock is denoted (a), the model with
the aggregate technology shock and the investment-specific technology shock is denoted (b),
while the model with all three shocks is denoted (c). For each of the three solution methods

and each of the three models we report the cardinality of the chosen sampling points, N, the

3The domains for the three shocks were £ three unconditional standard deviations, the domain for capital
was [40.0, 56.0] and the domain for consumption was [2.5, 3.7].

14 A1l of the computations performed in this section and section 6 took place on a Intel i0-14900K chip paired
with 32GB ram. The calculations were performed using Julia 1.12, parallelized using multi-threading across 32
logical processors. The second-order accurate solutions used to initialize the value function and the decision
rules were obtained using SolveDSGE v0.6.0.
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average absolute Euler-equation error, logig (@), the maximum absolute Euler-equation error,

10910(||E||s0), and the solution time in seconds. The results are reported in Table 1.

’ Table 1: Value Function Iteration versus Policy Iteration ‘

VFI PI - Bellman PI - Gain
@ | ) | (¢ | (@ | (b) | (¢ | (&) | (b) | (c)
N 68 255 | 255 68 255 | 408 68 255 | 408
logio(|E|) -4.06 | -3.96 | -3.90 | -4.04 | -3.93 | -3.90 | -4.04 | -3.94 | -3.91
log1o(|[Ellse) | -3.01 | -3.13 | -3.18 | -3.04 | -3.12 | -3.18 | -3.04 | -3.12 | -3.16
Time (sec) 1 10 43 1 22 238 2 37 364

Table 1 shows that each of the three solution methods produce similar levels of numerical
accuracy for the three models. However, there is considerable variation in the solution times.
Policy iteration using the Bellman equation takes about half the time as using the advantage
function, but is considerably slower than value function iteration. For the three-shock version
of the model, value function iteration took only 43 seconds, whereas policy iteration using the
Bellman equation took 238 seconds and policy iteration using the advantage function took 364
seconds. Experiments using Howard iteration did not improve the performance of the two
policy iteration methods, possibly because the second-order accurate value function used for

initialization was decently accurate to begin with.

5.6 TT-VFI solution performance

The previous section showed that among the three tensor train solution methods, value function
iteration was the fastest and produced equivalent accuracy to policy iteration. In this section
we compare four solution methods that all employ value function iteration but differ in regard
to how the value function and the decision rules are approximated. Specifically, we consider
value function iteration using: 1) Chebyshev polynomials on a dense tensor-product grid; 2)
tensor train approximation on an endogenously chosen grid; 3) Smolyak approximation on a
layer-four sparse grid; and 4) hyperbolic cross approximation on a sparse grid. We report the
same metrics as for Table 1. The results are reported in Table 2.

Looking first at the one-shock version of the model (columns (a)), it is apparent that the
tensor train solution method is the slowest and least accurate. Nonetheless, it still delivers
around 4 decimal places of accuracy on average. Moving to the two-shock version of the model
(columns (b)), the tensor train method is now faster than using either Chebyshev polynomials

or Smolyak polynomials, while still slower than using hyperbolic cross polynomials. In regard
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Table 2: VFI Performance

Chebyshev Tensor train Smolyak Hyperbolic cross

@0 © [ @[ 0]o]l@]®] o] e]0]

N 289 | 4,913 | 83,521 | 68 255 255 65 177 401 57 129 | 241
logio(|E|) -4.46 | -3.97 | -3.97 | -4.06 | -3.96 | -3.90 | -4.52 | -3.98 | -3.98 | -3.98 | -3.71 | -3.65
10g10(||E||oo) | -3.71 | -3.56 | -3.53 | -3.01 | -3.13 | -3.18 | -3.78 | -3.58 | -3.54 | -3.27 | -3.17 | -2.76
Time (sec) 0.2 36 12,297 1 10 43 0.3 25 | 1,455 | 0.1 5 134

to accuracy, however, the tensor train method has accuracy similar to Chebyshev and Smolyak,
and is more accurate than the standard hyperbolic cross employed here. For the three-shock
version of the model (columns (c)), where the approach using Chebyshev polynomials is so
non-competitive that it is not worth computing, the tensor train method is easily the fastest
of the three sparse grid methods while delivering broadly equivalent or superior accuracy.
Looking at the solution times, Table 2 shows clearly that the solution time required by
the tensor train approach increases much less rapidly than either of the other two sparse-
grid approaches, and much less rapidly than the tensor-product grid used by the Chebyshev
polynomial. Much of the tensor train’s speed advantage comes from how quickly it performs
numerical integration, as the number of points at which the state is sampled remains broadly
comparable to Smolyak and the hyperbolic cross. Not only does the solution time increase
less rapidly as the model gets larger, but it is apparent that the tensor train approach delivers
faster solution times than the other sparse grid methods even for models with just three or

four state variables.

5.7 Fineness of decision grid and solution accuracy

In this section we focus on the grid used for consumption, specifically its fineness. The
Chebyshev, Smolyak, and hyperbolic cross methods considered above treat consumption as a
continuous variable and maximize the value equation using Newton’s method. In contrast,
the tensor train method introduces a grid for consumption and performs a global optimization
of the value function for each chosen state while restricting the solution to the consumption
grid. As the number of points in the consumption grid increases, becoming increasingly fine,
we might expect the tensor train solution to become more accurate. In Table 3 we consider
uniform grids for consumption involving 51, 201, 501, and 1,001 points.

As anticipated, using a finer grid for consumption does improve numerical accuracy, at

the cost of slower solution times. However, for all three versions of the models using just 51
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Table 3: Tensor Train Accuracy

N° =51 N° = 201 N¢ =501 N°¢=1,001
@ | ) | () [ @ | ® | () | @ | B || @ ]®m]|(C
N 68 | 255 | 255 | 68 | 255 | 408 | 68 | 255 | 408 | 68 | 255 | 408
logio(JE]) -4.06 | -3.96 | -3.90 | -4.38 | -3.90 | -3.98 | -4.45 | -3.97 | -3.92 | -4.46 | -3.97 | -3.98
10g10(||E[[oo) | -3.01 | -3.13 | -3.18 | -3.70 | -3.43 | -3.29 | -3.63 | -3.52 | -3.33 | -3.67 | -3.51 | -3.52
Time (sec) 1 10 | 43 2 19 | 63 5 36 | 95 | 10 | 74 | 191

points delivers reasonable accuracy together with fast solution times. Interestingly, as the
number of points for the choice variable is increased the cardinality of the sampling grid used

to approximate the value function does not.

6 Further examples

We analyze a Ramsey problem and a multi-country international business cycle model in this
section in order to demonstrate that the benefits identified above carry over to other types of
models and decision problems. For the applications in this section we depart from Algorithm
3 in order to employ a local minimizer in place of the tensor train optimizer. The algorithm

used is:

Algorithm 5 Value function iteration: local minimization

. Inputs V2(s;), the candidate grid for s and an accuracy tolerance, .
1+ 0.
while True do
Given Vii(s;), construct J(s¢,ar) = —(u(sg, ar) + BE; [V (£(se, ar, €141))])-
Vit %DMRGcross(—n’éin[th(st, a)]).
t

Vi (se) = Vi (so) ]
len « Vit )=V .
[V (so)ll

if len <~ then
Break
end if
10: i1+ 1.
11: end while
12: A%, <~ DMRGcross(—argmin[J},(se, ar)])-

at

13: Return Vji(sy), A% (sy).

in which steps 4 and 5 replaces steps 4—6 in Algorithm 3. For the minimization step in
Algorithm 5 we use Newton’s method for the Ramsey problem and BFGS for the multi-country

model.
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6.1 A Ramsey problem

The model is populated by households, firms (intermediate- and final-good producers) and a
central bank. The market for intermediate goods is monopolistically competitive, but all other
markets are perfectly competitive, and the central bank conducts policy by setting the nominal
return on a bond that is traded among households and is in zero-net-supply. Intermediate
goods prices are assumed to be sticky, subject to a Rotemberg (1982) price-adjustment cost.
Households consume final goods, earn income by supplying labor to firms and through
owning firms, and can borrow/save through the purchase of one-period, default-free, nominal
bonds. The decision problem for the representative household is to choose {ct, by, bit1}72,
where ¢; denotes consumption, h; denotes labor supply, and b,y denotes next-period’s bond

holdings, to maximize:

— [ 7-1 b X
U=F — pet 64
t ;ﬁ 1—o pe 1+ Y ; ( )
g€ (0,1), 0 >0, u>0,and y > 0, subject to the flow budget constraint:
¢t + Qibrr1 = wihy + by + Dy, (65)

in which @Q; denotes the bond price, w; denotes the real wage, and D; denotes aggregate
dividend income. The first-order conditions for the representative household can be written
as:

petclhy = wy, (66)
_ o L+ Ry
¢’ = ﬁEt[c”}, 67
; . (67)
where (1 4+ Rt)_1 = @4, so Ry is the (net) nominal interest rate, and m; represents inflation.
Production and pricing decisions by firms lead to:

Wt

Wt = ga (68)
l—¢ ¢ e hyamer (1 + mq1)
1+ = + —wi + BE ; 69
e (1 + ) 5 el BE; ey (69)
Dy, = (1 02) e
t = — W — §7Tt e hy, (70)

in which w; denotes real marginal costs, ¢, denotes a markup shock, D, denotes aggregate
dividends, and the production function is given by y; = e**h;, where z; denotes an aggregate

technology shock. The parameter ¢ > 0 governs the magnitude of the nominal price rigidity.
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The central bank’s decision problem is to choose {c, he, s, I, @4}5°, to maximize the

present-value Lagrangian:

i 1—o T4y _
¢ 1 I hy
—— — e
o0 lfﬁt € l}eltacghz( 1+X s
'S:EO Z/Bt _Ft < é +$ ozt — Tt (1—|—7Tt)> c e tht (71)
t=0 +5C;flezt+1ht+17ft+1 (1 + 7Tt+1)
= (er = (1= §a)ein)

giving rise to the first-order conditions:

oL 1—
E = ¢ —®+o (ngt —m (14 7rt)> C;Uflezthtft

=+ O'Ct_g_leztht’frt (1 + 7Tt) 'y = 0, (72)
oL lepx ¢ 2 2t —0 2t
oh = —pe'thX + 1—§7rt et ®y —c; ety (1+m) T

1-— 1+ lepX _
- ( S i J x) St (1t m)) 7Ty = 0, (73)
t

0L —o
o = (T (1 +2m) — Ty (14 2m)) ;7 — ¢p®ymry = 0, (74)

which hold for all ¢ > 0 with the initial condition I'_; = 0, and, of course, the two constraints
themselves. We do not use these first order conditions to solve the model, however we do use
them to assess the accuracy of our solution.

We assume that the processes for the technology, markup, and labor supply shocks are:

241 = P22t + OE141, (75)
€41 = Pe€t + TNy, (76)
lix1 = pily + oy, (77)

with pp € (0,1) and o5 > 0 for b € {z,€,1}.
To express the central bank’s decision problem in terms of a Bellman equation we follow
Marcet and Marimon (2019). Specifically, we group the terms in the constraints according to

time, so we have:

1—e € peltcdhX
0, = — I‘t< 3 t—i—éu ezt ! —7Tt(1+7Tt)>Ct_G€Ztht

— Iy (Ct_oezthtﬂ‘t (1 + ﬂ't))

- @ (ct — (1 - (57&) etht> : (78)
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and write the Bellman equation as:

_ 1
Cl 0’_1 +Xx

h
V (2 e, 11, T 1) = max 4 ettt 40, + BE [V (2141, €141, ls1, T |
(t ty bty Lt 1) (co b T y) e M 1+ y t 5 t[ (t+1 t415 0t41 t)]

(79)
with the initial condition I'_1 = 0.

In contrast to the main text where we maximized the value function using a modified
version of Chertkov et. al. (2022), in what follows we use univariate Chebyshev polynomials to
interpolate over the (continuous) choice variables and use Newton’s method to maximize the
value function in step 5 of Algorithm 5.

Table 4 reports results where the decision problem summarized by equations (74)—(78) is
solving using Chebyshev polynomials, Smolyak polynomials, and hyperbolic cross polynomials,
and using the tensor train decomposition. The accuracy of each solution is assessed using the
errors associated with equations (71)—(73), which we denote by E;, Eo, and Es, respectively.
Notably, these equations are not employed to obtain the solution itself. We consider three
versions of the models that differ according to the number of active shocks. Model (a) has
only the aggregate technology shock, model (b) has the technology and markup shocks, while
model (c) has all three shocks. Conditional expectations are computed using Gauss-Hermite
quadrature with 11 points for each shock.

To keep the exercise manageable for all four solution methods, we base it around a three-
layer Smolyak polynomial, so 9 nodes are available along each spatial dimension. We use
4’th order Chebyshev polynomials for the Chebyshev approximation and for the tensor train

approximation, and set h = 4 for the hyperbolic cross polynomials.!?

] Table 4: Ramsey Monetary Policy

Chebyshev Tensor train Smolyak Hyperbolic cross

@ | ) | () | (&) | (b) | (© | (@ | (b) | (¢ | (& | (b

()

N 81 | 729 | 6,561 | 36 | 99 | 180 | 29 | 69 | 137 | 21 | 37 | 57

logio([E1l[ec) | -8.67 | -4.42 | -4.41 | -8.62 | -4.42 | -4.10 | -9.35 | -4.77 | -4.76 | -6.15 | -3.16 | -3.14
log10(I[E2|loe) | -8.26 | -4.00 | -4.01 | -8.27 | -4.00 | -3.68 | -9.29 | -4.53 | -4.50 | -6.11 | -2.90 | -2.88
logio(|[Eslloe) | -7.37 | -4.72 | 471 | -7.36 | -4.72 | -4.38 | -9.32 | -4.72 | -4.71 | -6.54 | -3.22 | -3.18
Time (sec) 1 | 264 | 48154 | 45 | 282 | 1,211 | 2 | 327 | 20,044 | 2 | 149 | 6,513

The results in Table 4 reinforce those for the stochastic growth model presented in the

main text. For the one-shock policy problem (columns (a)) Chebyshev polynomials on a dense

15The model is parameterized by setting 8 = 0.99, ¢ = 1.00, p = 1.0, x = 3.0, ¢ = 80.0, e = 11.0, p. = 0.95,
0. =0.01, p. = 0.80, 0. = 0.12, p; = 0.70, and o; = 0.01.
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grid provides an extremely fast and accurate solution and among the sparse grid methods the
tensor train approach is the slowest. With two shocks (so three states, columns (b)), using
hyperbolic cross polynomials yields the fastest solution, while using either Smolyak polynomials
or the tensor train approach remains slower than using the dense grid. For the specification
with three shocks, however, (columns (c)) the tensor train method is by far the fastest of
the methods considered, five times faster than the hyperbolic cross, fifteen times faster than
using Smolyak polynomials, and nearly forty times faster than using Chebyshev polynomials
with a dense grid. The accuracy of the tensor train can be improved by using a higher-order
Chebyshev polynomial when forming the functional tensor train and its relative time advantage
can be improved by using more grid points (i.e., by basing the comparison around a four-layer

Smolyak polynomial, rather than around a three-layer polynomial).

6.2 A multi-country real business cycle model

Now we solve a multi-country real business cycle model in the spirit of Backus, Kehoe, and Kyd-
land (1992). Viewed as a planner’s problem, the decision problem for the N-country interna-
tional real business cycle model is as follows. The planner chooses {cit, ..., Tnt, k1141, - -KNt+1 }220

in order to maximize:

0 N cl—o’ 1
t it
m [y (L9 50
t=0 =1
B € (0,1) and o > 0, so the utility of each country is weighted equally, subject to the resource
constraint:
N N
D (e +kirr) = Y (1= 0k + kG, (81)
i=1 i=1

a € (0,1), where the N technology processes follow:
Zit+1 = pizit + 0€€ity1, t=1,..., N, (82)
with p; € (0,1) and o¢; >0 Vi€ [1,..., N].

The Bellman equation is:

N ool-o g
V(st) = mazx <Z ——— 40, + BE, [V(St+1)]> ; (83)

(c1tse N k141, ENE41,At) i—1 1—-0

where s; = [z14, ..., 2N, K1t - - -, kve) and:

N
9t = )\t (Z ((1 — (S)kn + ez“kﬁ — Cit — kit—l—l)) . (84.)

i=1
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The decision problem can be simplified further by recognizing that consumption will be
the same in each country due to international risk sharing. If we denote this shared level of
consumption by ¢, then the Bellman equation becomes:

l1—0o
¢ -1

V(st) = max : <N T

(ctsk1t41,- 0k NE41, 8

0+ BE [v<st+1>]) , (85)
with:

N

0, =\ (Z (1= Ok + e kS — k1) — th> : (86)
i=1

The simplified problem has 2N state variables, N shocks, and N + 2 choice variables.

We solve the simplified problem allowing 11 approximating points for each state variable
and using 4’th order Chebyshev polynomials to form the functional tensor train approximation.
The value function maximization step (step 5 in Algorithm 5) is performed using the BFGS
method, whose complexity is O(n?) in the number of choice variables (in contrast to Newton’s
method which is O(n?)). Eleven Gauss-Hermite points are used for each shock to compute
conditional expectations. As previously, the solution algorithm was initialized using a second

order accurate perturbation solution.'®

Table 5: Tensor-Train Solution of the N-Country Model
No. countries (N) 2 3 4 5 6
logio(|E|) -2.96 | -2.89 | -2.86 | -2.85 | -2.83
logio(I[Ellec) | -2.26 | -2.20 | -2.19 | -2.20 | -2.20
Time (sec) 36 482 | 3,851 | 9,331 | 26,295

For the six-country model there are twelve state variables, but the solution is obtained in
just over seven hours. Much of this time, and the reason for the polynomial increase in solution
times as the number of countries increases, rests with the numerical optimization of the value
function, which for this model is the BFGS method. With numerical accuracy evaluated using
the consumption Euler equation errors, it is notable that accuracy does not decline as the

number of countries (i.e, the number of states, shocks, and choice variables) increases.

7 Conclusion

Despite enormous advances in computing power, the curse of dimensionality remains a signif-

icant bottleneck when it comes to solving and analyzing macroeconomic models, limiting the

16We parameterize the model by setting o = 2, § = 0.99, § = 0.02, @ = 0.36, p; = 0.95,Vi=1,...,N, and
ce; =001,Vi=1,...,N.
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size of the models we can analyze and the questions we can ask of them.

This paper presents an approach to solving dynamic optimization models that is based
on the tensor train decomposition, an approach that is relatively immune to the curse of
dimensionality. The approach views an array as a discretized function and uses compression as
an approximation tool. The tensor train decomposition separates by variables to decompose an
array into a series of interlinked carriages, or cores. The separation of variables brought about
by the tensor train decomposition makes otherwise expensive operations, such as numerical
integration, incredibly fast.

Our approach dovetails the tensor train decomposition with value function iteration and
policy iteration, using a functional version of the tensor train decomposition to approximate
the value function at an endogenously chosen set of sampling points. We illustrate the power
of our approach using an extended version of the stochastic growth model that allows the
number of shocks in the model to be varied. We found that value function iteration out-
performed policy iteration, and for the versions of the model that had either two or three
shocks, our tensor train approach out-performed the use of Chebyshev polynomials, Smolyak
polynomials, and hyperbolic cross polynomials. Notably, the size of the sampling grid used by
the tensor train solution to approximate the value function did not increase exponentially with
the number of state variables, and nor did the solution times. With four state variables, value
function iteration using the tensor train method was faster than the hyperbolic cross method
and significantly faster than Smolyak’s method, while delivering better or equal numerical
accuracy. We showed that working with a finer grid for the choice variable improved accuracy.

Results for a Ramsey problem and for a multi-country international business cycle model
support and underscore the findings from the stochastic growth model. Employing value
function iteration we solved a four state stochastic growth model in 43 seconds, a four state
Ramsey problem in 20 minutes, and a twelve state international business cycle model in just
over seven hours. Our results demonstrate that tensor train methods are a viable and powerful
alternative to existing approaches to solving dynamic programming problems with many state
variables.

This paper has focused on the application of tensor trains to solve dynamic programming
problems. Although the use of tensor trains to solve dynamic optimization problems at scale

is an important and ongoing topic of study, the usefulness of tensor trains extends far beyond
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dynamic programming. Within Econometrics, mixed-logit estimation, Bayesian estimation,

multivariate density approximation, applications involving the EM algorithm, variational in-

ference, and nonlinear filtering are all areas where tensor trains can fruitfully be applied and

represent promising topics for future research.

References

1]

Backus, D., Kehoe, P., and F. Kydland, (1992), “International Real Business Cycles”,
Journal of Political Economy, 100, 4, pp. 745-775.

Bellman, R., (1957), Dynamic Programming, Princeton University Press, Princeton, New

Jersey.

Bigoni, D., Engsig-Karup, A., and Y. Marzouk, (2016), “Spectral Tensor-Train Decompo-
sition” ; SIAM Journal on Scientific Computing, 38, 4, A2405-A2439.

Boyko, A., Oseledets, 1., and G. Ferrer, (2021), “TT-QI: Faster Value Iteration in Tensor
Train Format for Stochastic Optimal Control”, Computational Mathematics and Mathe-
matical Physics, 61, 5, pp. 836—-846.

Brock, W., and L. Mirman, (1972), “Optimal Economic Growth and Uncertainty: The
Discounted Case”, Journal of Economic Theory, 4, pp. 479-513.

Chertkov, A., Ryzhakov, G., Novikov, G., and I. Oseledets, (2022), “Optimization of
Functions Given in the Tensor Train Format”, arXiv, DOI:10.48550/arXiv.2209.14808.

Dennis, R., (2024), “Using a Hyperbolic Cross to Solve Nonlinear Macroeconomic Models”,
Journal of Economic Dynamics and Control, 163, article 104860.

Dolgov, S., and D. Savostyanov, (2020), “Parallel Cross Interpolation for High-Precision
Calculation of High-Dimensional Integrals”, Computer Physics Communications, 246, ar-

ticle 106869.

Dung, D., Temlyakov, V., and T. Ullrich, (2018), “Hyperbolic Cross Approximation”,
Advanced Courses in Mathematics, CRM Barcelona, Centre de Recerca Matematica,

Birkhé&user.

35



[10]

[11]

[14]

[15]

[16]

[17]

[20]

Gorodetsky, A., Karaman, S., and Y. Marzouk, (2015), “Efficient High-Dimensional
Stochastic Optimal Motion Control using Tensor-Train Decomposition”, 11°th Conference

on Robotics: Science and Systems, Rome, ITtaly.

Gorodetsky, A., Karaman, S., and Y. Marzouk, (2019), “A Continuous Analogue of the
Tensor-Train Decomposition”, Computer Methods in Applied Mechanics and Engineering,

347, pp. 59-84.

Kruger, D., and F. Kubler, (2004), “Computing Equilibrium in OLG Models with Stochas-
tic Production”, Journal of Economic Dynamics and Control, 28, pp. 1411-1436.

Marcet, A., and R. Marimon, (2019), “Recursive Contracts”, Econometrica, 87, 5, pp.
1589-1631.

Miao, J., (2014), Economic Dynamics in Discrete Time, The MIT Press, Cambridge,

Massachusetts.

Novak, E., and K. Ritter, (1998), “The Curse of Dimension and a Universal Method for
Numerical Integration”, in Multivariate Approximation and Splines, G. Niirnberger, W.

Schmidt, and G. Waltz (eds), pp. 177-188.

Oseledets, 1., (2009), “A New Tensor Decomposition”, Soviet Mathematics, Doklady, 80,
1, pp. 495-496.

Oseledets, 1., (2011), “Tensor-Train Decomposition”, SIAM Journal of Scientific Comput-
ing, 33, 5, pp. 2295-2317.

Oseledets, 1., and E. Tyrtyshnikov, (2010), “T'T-cross Approximation for Multidimensional
Arrays”, Linear Algebra and its Applications, 432, pp. 70-88.

Rouwenhorst, K, (1995), “Asset Pricing Implications of Equilibrium Business Cycle Mod-
els,” In: Cooley, T. (Ed.), Frontiers of Business Cycle Research, Princeton University

Press, Princeton, NJ, pp. 294-330.

Rotemberg, J., (1982), “Sticky Prices in the United States”, Journal of Political Economy,
90, 6, pp. 1187-1211.

36



[21]

[22]

Savostyanov, D., and I. Oseledets, (2011), “Fast Adaptive Interpolation of Multi-
Dimensional Arrays in Tensor Train Format”, 7’th International Workshop on Multidi-

mensional (nD) Systems, Poitiers, France.

Shetty, S., Lembono, T., Low, T., and S. Calinon, (2024), “Tensor Train for Global
Optimization Problems in Robotics”, The International Journal of Robotics Research,

46, 6, pp. 811-839.

Shetty, S., Xue, T., and S. Calinon, (2024), “Generalized Policy Iteration using Tensor
Approximation for Hybrid Control”, The 12°th International Conference on Learning Rep-

resentations, Vienna, Austria.

Smolyak, S., (1963), “Quadrature and Interpolation Formulas for Tensor Products of

Certain Classes of Functions”, Soviet Mathematics, Doklady, 4, pp. 240-243.

Stokey, N., and R. Lucas, (1989), Recursive Methods in Economic Dynamics, Harvard

University Press.

Sutton, R., and A. Barto, (2018), Reinforcement Learning: An Introduction, The MIT

Press, Cambridge, Massachusetts.

Tauchen, G., (1986), “Finite State Markov-Chain Approximations to Univariate and Vec-
tor Autoregressions,” Economics Letters, 20, 2, pp. 177-181.

37



	2026-04. Cover
	2026-04. TT_value_function_iteration_draft_four

