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Abstract

We develop a tractable general theory for theysafdhe economic and demographic impact of epiderand
notably its distributional consequences. To thid,eme develop a three-period overlapping genersationdel
where altruistic parents choose optimal health edjteres for their children and themselves. Thevisat
probability of (junior) adults and children deperats such investments. Agents can be skilled orilledk The
model emphasizes the role of orphans. Orphanq@renly penalized in the face of death, they also
penalized in the access to education. Epidemicsmardeled as one period exogenous shocks to thévalurv
rates. We specifically study the consequence dafgative shock on adult survival rates in the firstiod. We
prove that while the epidemic has no permanenteffe income distribution, it can perfectly alteim the short
and medium run. In particular, the epidemic may lym@ worsening in the short and medium run of both
economic performance and income distribution. Tywpasite mechanisms are isolated: first, the sukviage of
childrenat the end of the first period decreases relatimadye in poor than in wealthy families. This desesa
the proportion of junior adults with a low endowrh@f human capital in period 2. Secondly, the numtfe
orphans in period 1 increases in both families.sTthecreases the proportion of junior adults withow
endowment of human capital in period 2. Therefithe,proportion of the unskilled will necessarilycrease in
the medium run if orphans at@o penalized in the access to a high level of edonati
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1. Introduction

The study of the economic effects of epidemics hhgays been of interest to many
economists (see for example Hirshleifer, 1987).dR#yg, the topic has regained interest and
has become an important research area due to twofatdors. On one hand, the HIV/AIDS

pandemic and its apparent massive demographidgfiespecially in Sub-Saharan Africa, has
suggested an exceptionally abundant literaturepwdwemingly empirical (see among many
others, Bloom and Mahal, 1997, or McDonald and Rsb@006). On the other hand, the rise
of a so-called ""unified growth theory” (comprelsérely surveyed by Galor, 2005), specially
concerned with the understanding of the Malthusiggnation and the determinants of the
transition to the modern growth regime, has ledewonsider the role of epidemics in the

development process (see Lagerlof, 2003).

Just like the Black Death has been viewed as arreagine of the transformation of the West
in the Middle-Ages by prominent historians and etmgists (see Herlihy, 1997), several
recent contributions are taking this avenue in #ssessment of AIDS socio-economic
consequences on Sub-Saharan Africa (among themngyd2005). While the short term
effects of such pandemics are most harmful ineapects, the long-run are not that clear. As
argued by Young (2005), the latter can be much dessstrous, and even favourable, if the
wage effect induced by (huge) labor supply falldsenp decreasing fertility (via increased
female participation in the labor market). Yet thiew is not unanimously accepted. No
empirical study has identified so far a sizeablgevaffect in Sub-Saharan Africa although
more recent papers by Young (2007) and Boucekkiespordes and Latzer (2008) conclude
that HIV is lowering fertility in the area. Kalemzcan (2006) defends the opposite view.
She suggests that the impact of AIDS on fertilitgimh even go the other way as a result of an
insurance effect.

This paper sheds light on another side of epidemiasiely their distributional consequences
both in the short, medium and long-run. In thermaiortality crises studied (Black Death,

Spanish flu or AIDS), death affects more the agaftulation of working age than younger or

* The same debate takes place on the Black Deadbteis Among them, Robbins (1928) argued that the..
English villein, lured by the prospects of high wadn neighboring towns, must sooner or later haeserted
his manor. The plague ...furnished him an extuse



older populations. Yet, when young adults die, noty do they reduce the amount of
productive labour and human capital, but they #&swe orphans behind them, potentially
leading to disastrous consequences: Orphaning rates above 5% worry UNICEF because
they exceed the capacity of local communities te éar parentless children. So do places
such as Zambia, where almost 12% of children afr@SAbrphans.... Orphans tend to be
poorer than non orphans, and to face a higher akknalnutrition, stunting and death — even
if they are free of HIV themselves. Orphans are ldsly to attend school because they

cannot afford the fees but also because step-patent to educate their own children first

As noted by Case, Paxson and Ableidinger (2004¢hans use to live in foster families who
discriminate against them and in favour of thedreih of the family head. The probability of
the school enrolment of an orphan is inversely priopnal to the degree of relatedness of the
child to the household head. Gertler, Levine andtiMez (2003) show that parental loss does
not operate only through a reduction in househetburces. Parental presence, including the
loss of mentoring, the transmission of values amdt®nal and psychological support, plays
an important role in investment in child human tapiAll these findings are consistent with
the broader view that the amount of human capadu¢ation and health) embodied in a
person strongly results from decisions taken bypaigents, as documented by Bowles and
Gentis (2002) quoting a series of empirical resigdtshe United States. Grawe and Mulligan
(2002) review cross-country evidence showing tlwaméries with lower public provision of
human capital experience smaller intergenerationability. The connection between the
absence of intergenerational mobility and educai®ralso well documented (see again,
Bowles and Gentis and Case, Lubotsky and Paxs@i,)20

Our model is completely on this line. In order solate the short, medium and long-term
distributional impact of orphans, we shut down tege and fertility channels, abundantly
commented in the recent AIDS literature. People Ilfer three periods, successively as
children, junior adults and senior adults. A jungéolult has an exogenous number of children
and is perfectly altruistic in that he only cares the survival of his children and the social
position they will get. He invests in his own hbeadnd education, and in the health and
education of his children. The probabilities ofwgual of a child and of a junior adult depend

on the amounts of money spent by the junior adulhfs own human capital and for the one

® The Economist (2003) — “AIDS. A mixed prognosisipvember 29, 87-89.



of his children. So, under imperfect credit markdisalth and education spending and the
probabilities of survival will be low if parentseapoor. Moreover, if a parent dies and if his
children become orphans, their probabilities ofveal will be lowered. Finally, an orphan
has a lower probability to reach a high level offan capital than a child brought up by living
parents. Accordingly, a key feature of the papetosconsider a crucial dimension of
inequality, namely inequality in the face of dealtequality between children has several
causes. First, the children of less educated paremto have survived have a higher
probability of dying before growing adults becatiseir parents spend less on their health and
education. Secondly, less educated parents spsadietheir own education and health and

have a higher probability to die and to be unablering their children up.

Relation to the literature

Very few theoretical papers have been devotedrsm filavestigating the links between health
spending, mortality and the persistence of ine@ualcross generations. Two important
contributions are Chakraborty and Das (2005) aniil & Gersbach (2008). The former
base their analysis on the fact that poor paremsst less in their own health and so have a
high probability of dying. Thus, they save littlachleave a small bequest to their children if
they survive and a still smaller bequest if they. dihe paper assumes that parents only care
for their children if they are themselves alive whbeir children grow. An extension of the
paper introduces the possibility of investing, oy in the health of parents, but in the
education of children too. The productivity of lalbodepends on both these investments.
Nonetheless, these authors do not consider invessme the health of children nor their
survival probability. Our model does incorporate tlatter critical aspect. Moreover, the
demographic and economic properties of the moadeffidly analytically investigated in the
short, medium and long-run, which is already a gbuation to the literature.

Bell and Gersbach’s paper (2008) shares one aintiia objectives of ours, that is the study
of human capital transmission across generatiodsrugpidemics. Interestingly, these authors
consider a two- parents model, which in turn alldtwsm to distinguish between the case of
full orphans (with no surviving parent) and orphawnith one surviving parent. However, in

contrast to Chakraborty and Das (2005) and to cenleh) no health investment is explicitly

® Note however that some applied papers on AIDS auneent on the role of orphans and on the induced
changes in the distributions of human capital arbine possibly following the epidemic although tldeynot
aim to theoretically investigate them. See for eglenthe computable general equilibrium models elatedl by
Bell, Devarajan and Gersbach (2003) and Corrigéom@ and Mendez (2004).



considered, the survival probabilities and epidéogical dynamics being fully exogenous.
Nonetheless, within a somewhat sophisticated dynainiicture, the authors are able to bring
out several useful conclusions on the distributidngact of epidemics under alternative
family arrangements.

The paper is organised as follows. The secondasegtiesents the model and its short run
equilibrium. The third section is devoted to thansitory dynamics and the long run
equilibrium of demographic variables. The fourticts®n investigates the economic and

demographic effects of epidemics. The fifth sectioncludes.

2. Themodel: behaviour of the agents and temporary equilibrium

We consider a discrete time, perfect foresight dyonamodel of a small open economy.
People live for three periods, successively agiodml, junior adults and senior adults. We will
start by examining the choices of a junior adultaigiven period denotet. To ease the

exposition and to be able to bring out a fully gtiehl characterization, we shall refer to a
single good, health care. The latter should bentakethe much broader sense of any

investment raising human capital (including edw3ti

2.1. Thechoicesof ajunior adult
A junior adult enters periotl with an endowment in human capital Healthcare is the only
good existing in the economy. It is produced bynfir which use human capital as their
unique input and which operate under constantmetuVe will assume that the productivity
of human capital is equal to 1 and that firms mia&erofit. Thus,h can also be interpreted
as the earnings of the agent. The healthcare gmothe stored without cost. The agent sets his
saving (his storage of healthcare goadand his investment in healthfor the period, under
the budget constraint

(1) h=s+l
Spending on health has an effect on the lifetimihefagent. His probability of being alive in
period t+1 (as a senior adult) igi(l). At the end of periodt the agent will have an
exogenous numben of children. Senior adults receive no wages. Tdgsumption will
simplify the model in directions that we are notyimmterested to investigate. The agent will

invest e,, in the health of each of his children. The probgtior each of them to be alive at

the beginning of period + 2vill depend on this investment. If the agent iwalin period



t+1 and can take care of his children, this probabiiill be A(e,,) . If he is dead and if his
children are orphans, this probability will bei(e,,), with 0<c<c<1. The budget
constraint of the agent in periad- i
(2) s=ne,

Notice that the amount invested by the agent inheéredth of his children will be the same if
the agent dies or stays alive at the end of petiodhis investment is equal to the saving
made in period . The intertemporal budget constraint of the agent

(3) h=I+ne,
To simplify the model, we will assume that humapita can take only two valuesit and
h?, with: 0<h! < h?. We will assume that a child who has living paseartd who stays alive

has a probabilityp of obtaining a human capital &f and a probabilityl— p of obtaining a

human capital ofh*. An orphan who stays alive has the probabitjtyf obtaining the high
level of human capital antl-qg of obtaining the low level of human capital. Wes@ame that
O<q<psl.
Our junior adult has the following utility functian periodt

@) U = nAe){m()v]|ph? - nt) + nt|+ L - () lelach® - ht) + bt [}
The junior adult is wholly altruistic. His utilitpnly depends on the expected human capital
accumulated by his children who will reach the adgle. Our specification is in the spirit of
evolutionary biology (see Galor and Moav, 2002 2005). Consistently with the traditional
Darwinian theory, the parent should maximize thebpbility of survival and quality of her
children. Nonetheless, in contrast to Galor and W@805), we keep the number of offspring
fixed. As argued in the introduction, our papeeirds to isolate the role of orphans, and to
this end, we shut down the wage and fertility clEsnabundantly commented in the
literature. On the other hand, adding endogenouslitie to the model would require
additional adjustments which will reduce sharptytractability.
If the junior adult reaches the age of senior achdt will bring his children up, which will
increase their probability of survival and theipegted levels of human capitah? (vh')
represents the satisfaction a child brings to hremt when he reaches the adult age with the
level of human capitah® (h'), V>0, When the child dies, this satisfaction is 0. Wi# w

introduce the following notations

5) r, =|/|_p(h2 —h1)+h1], r,= |/clq(h2 -h') + hll andr =r,/r, -1.



The utility function of our junior adult in periol becomes, after removing a constant
multiplicative term,y E/](e+l)[ﬂ(|)r +1]. r represents the satisfaction premium brought by
children when their parent stays alive, or if omef@rs, the utility for parents of staying alive.
In this case, the probability of survival of eadhila is higher (by a factod/c) and his
expected level of human capital is higher togis an increasing function of the inequality in
earnings,(h® - h)/h', which is expected for the next period. Finallyy unior adult must

solve in period the program

(6) MaxA(e,,)[7()r +1]

h=1+ne,

l,e,, 20
Before solving this program we must give precisecefirations of the survival functions:
(7) Ae,) = min{(Ae, + A)- I(1-a) 1}
(8) (1) = min{(BI + B /(1- B) 1}
with: 0< g,a <1, AB,B'>0, 0< A<(1-a)""™®, B'<(1-8)"“7. .
In the rest of the paper we will assume that weahneays inside the intervals where both
functions are strictly increasing. Some commengsiarorder here. Concerning the concave
functional forms considered, empirical evidencejuste compelling: among others, Deaton
(2003) notices that health spending, the healtte siad the longevity of an individual are
increasing and concave functions of his incomeirfstance the probability of dying between
the ages of 50 and 60 is a decreasing convex amai his income. This concavity is a
possible explanation of the impact of inequalitytbe average health state in a country, and it
implies that some redistribution of income can @ase average health.

Second, we consider survival functions such thg0) = A*? /(1-a)=> afl 7n(0) =

B"# /(1- §) >0. Chakraborty and Das (2005) assume that theiivst probability drops to
zero with zero investment in health. It is easyustify why survival rates need not be zero
when health investment is ze(0) or 1(0) can simply be interpreted as reflecting inheren
(and exogenous) health situations, unrelated titth@avestments (see Finlay, 2005). This
specification is not only aimed to generalize timalgical framework, it is a fundamental
ingredient of our theory. To get an immediate idéat, consider the efficiency of adults’

health spending, that is the derivative of thewmlability of survival with respect to health



spending,d77(1)/al = B(BI +B')™”. Notice that it is decreasing in the investmentjoh is
reasonable. Moreover, we have:

a%m(1)/(010B) =[(1- B)BI + B(BI +B) ™ >0, 87(l)/(010B") = - AB(BI + B <0,
that is the marginal efficiency of investment daes respond in the same way to shock8on
or B’. Henceforth, mortality crises have completely eéint consequences depending on
whether they operate throud®) B’ or both. Boucekkine and Laffargue (2008) provide a
complete characterization of the model dynamicalirthese cases, and also consider child
mortality crises (shocks ohandA’).
In this paper, we take a more specific view. Whiteepidemic can be defined as a decrease in
one of the parameters of the survival functions, wik focus on the epidemics which hit
junior adults by shifting downward their survivainiction, that is by decreasing the value of
parameterB'. The epidemic essentially affects inherent healtthing can be done against
the epidemic itself, although an increase in hegfttnding will reduce the number of death
toll. Though our theory allows for any age profile of tabty, we shall abstract from
exogenous child mortality here for simplicity. Ths consistent with the W-shaped age-
profile of mortality observed for major epidemidsel the Spanish flu or AIDS: the mortality
impact of the epidemic is much stronger on junidules than on children. Last, we consider
that the epidemic hits people irrespectively ofitrendowment in human capital. This
assumption is certainly debatable. There are itidice that people with a relatively high
schooling level are more exposed to AIDS becausg llave more sexual partners (Cogneau
and Grimm, 2005). However these people are usnadise aware of the risks of AIDS than
less educated people and understand faster thelnsss of not engaging in risky behavidur.
In this paper, we implicitly assume that the twieets offset each other.
Hereafter, we assum®&=0 to simplify the algebra. With the survival fuimets given above,

program (6) becomes
(9) Max(Ae,)"™ |r(BI+B)* 11~ B)+1)/(1-a)
Rh=IR+ne,

I,eﬂ >0, Ae, < (1— a)ll(l_”) . Bl +B'< (1_ﬁ)1/(1_'8)

+1 —

" For instance they are more responsive to campaignormation, and prevention (de Walque, 2004 T
United Nations (2004) quotes several studies shpttiat poor and uneducated people are more likebdngage
in risky behaviour and to acquire HIV/AIDS



We make the following assumptions.

Assumption 1. The parameters of the model must satisfy theti@nts

(10) Bh? + B'< (1- B)¢7 {1+i:—;(1+1/r)}

(11) h*<n(l-a)’"™“ /1A

(12) i:—z B'+1_Ta B/ < Bh

These assumptions are needed for the optimizatioblgm to make sense, as established in
the following lemma. In particular, condition (1B) needed for existence: the low value of
human capital should be large enough for an optiiné&brior) solution to exist. Conditions
(10) and (11) guarantee that optimal decisionsingde the intervals where the survival

functions are strictly increasing. They set uppaiurigls forr( h?) andA(h?) respectively.

Lemma 1. Program (9) has a unique solution defined by tixe ¢quations
Bh+B'  1-a _, 1-a

13) B+ r(Bl+B)* ~ 1-p

(14)e,=(h-1)/n

Proof. Equation (14) is the constraint in program (9). Wge this constraint to eliminate,
from the objective function.This function is concave ih. Equation (14) is the first order
conditions of the so-transformed objective functiobhet us define the function

Bh+ B’ 1-a Bh 1-a 1-a
)= - . We have y0)=1+—- >1+
YO= 515 r(Bl+B')" yo) B B  1-p

, because of

1-a
r(Bh+B')"”

_r(Bn+B) y() =0 for (BI+B)’ _(Bn+B) Thus,
(1-a)1-B) 1-a

equation (13) defines a unique value forvhich is positive and smaller thdm

inequality (12). Also y(h)=1- <1<1+i_—;. y(l)has a unique minimum,

which is negative, fo(Bl +B')’ =

We have to check that this solution satisfigs+ B'< (1- 8)"“#. This is equivalent to
yl(l_ BYeP 1B - B'] <1+ (@1-a)/(1- B) , which results from inequality (10). We also have

to check thatAe, = A(h-1)/n<(1-a)'*® or I 2h-(1-a)"“”n/A. This condition is

satisfied because of inequality (1d).



The three following lemmas describe in detail tharacteristics of optimal decisions taken by
a junior adult, first concerning investment in biwn health, then concerning investment in

the health of his offspring.

Lemma 2. a) A junior adult endowed with high human capitalests more in his health than
a junior adult endowed with low human capital. meTinvestment of a junior adult in his own
health increases with the utility for parents ofrfgealive. ¢) The investment of a junior adult

in his own health is independent of the numbeiiothildren.

Lemma 3. a) A junior adult endowed with high human capitatests more in the health of
his children than a junior adult endowed with lownfman capital. b) The investment of a
junior adult in the health of his children decreasgith the utility for parents of being alive.
c) The total investment of a junior adult in thealle of his children is independent of the

number of his children.

Lemma 4. a) The investment of a junior adult in his ownltteancreases in case of epidemic
(when parameteB' decreases).
b) However, his probability of survival decreasgs b
- -8 -
ao ) oee) . g
(1+ 1—ch(8I FB)7 4 Bl-a) Bh+B-(BI+B)’ (1-a)1- B)/r

r

c) The probability of survival of a junior adulecdreases relatively less for those endowed
with a high human capital than for those endoweith &ilow human capital.
d) The investment of a junior adult in the healtlmig children decreases in case of epidemic.

e) The probability of survivals of his children degses by

- -8
(16) dile,)  1-a - (Bl +B) dB'<0

Ale.)  B(h-1) (1+ “’j(m rge 4 BlL-a)

r

f) The probability of survival of a child decreasefatively less if his parent is endowed with

high human capital than if his parent is endowethwow human capital.



Proof. We deduce from equation (14)

d _ 1 _ 1
Bﬁ_ 1+ Bh+B'_(1—a)(1—ﬂ) = 1+1 = a, Ali-a) <0. We also have
BI+B r(BI+B)* 1-4 " r(B1+B)}?

drfl) _onll) an(l) dl _(B1+BY) [“Bij We get

dl oB' dB' dB'

dn(l): (B ) D(O, mj Finally we have

B, 1-a, Bll-a) al

1- /3 r(Bl+B)™”
_ -8

%/n(l): (1-p)BI+B) , Which is a decreasing function bf and so of

(1+ 1_aj(BI +B)” , Al-a)

r

h. Thusdz*)/ 7{1*) < d7{1?)/ 7{12). Then we substitute equation (13) in this expessi

de, _ —(1- a)i. We substitute in
e+1 h - l

We deduce from equation (7) and (1 :((e*l)) =(1-a)

+1
the right-hand side of this equation the expresefodl given above and get equation (15). If

we remind thath-1 =ne,, and thatl and e,; increase withh (lemma 2 and 3), then, the

factor of dB' in equation (16) is a decreasing function oh. Thus

dAlel, )/ Alel,) < da(e? )1 dale?).

The model has several worth-mentioning propertiegst, and as announced in the
introduction section, our model entails inequalityhe face of death. Children of parents with
low human capital have a higher probability of dylmefore growing. Moreover, such parents
tend to spend less in their own health care, amdehéace a lower survival probability with
the subsequent negative effect on the human cagfitdie resulting orphans. Second, the
investment decisions taken by the junior adults smmsitive to exogenous changes in their
survival function (lemma 4). Put in other words,edemic hitting young adults will have an
impact on the investment decisions of these indiisl

The consequences of varying life expectancy arensitely studied in the literature. Our
model has some interesting predictions regardirgisisue. In the standard theory relying on
Blanchard-Yaari structures, life expectancy (or taldy rate) is exogenous. A downward

shift in life expectancy generally decreases thergmal return to investment in this

10



framework, implying less investment in human cdpjés in Boucekkine, de la Croix and
Licandro, 2002). In our model life expectancy islonger exogenous. When an epidemic hits
a generation of junior adults, these individualsréase their own health expenditures and
decrease health expenditures on their children.fifétedecision dampens, but is insufficient
to reverse the effects of the epidemic and juniluta’ life expectancy decreases. The second
decision reduces the probability of survival ofittehildren.

Lemma 4 also establishes that under epidemics rbigapility of survival of junior adults
decreases proportionally less for those endoweld mgh human capital than for those with
low human capital. This comes from the fact that éfficiency of health spending increases
in the period of the epidemic shock, and that fpending is higher for junior adults with a
high endowment of human capital. However, as tlabatility of survival of these junior
adults is also higher, we do not know if the abheduction of their probability of survival
is smaller or larger than for junior adults withwitnuman capital. Similarly, the probability of
survival of children decreases proportionally léssheir parents are endowed with high
human capital than when they are endowed with lomdmn capital.

Finally, total investment of a junior adult in thealth of his children is independent of the
number of his children. If this investment werdrtorease with the number of children, then
health expenditures on parents would go down, whigkuld decrease their survival
probability and increase the number of orphansngfearing health spending from children to
parents can neither be optimal: health spendingchidd would decrease first because total
health spending on children goes down, secondhausex there are more children. In our

model, the two mechanisms outlined above exactlyrakze each other.

2.2. Demogr aphic variables
The population alive in period includes N?* and N?? junior adults with human capital
endowments respectively equal g6 and h2. It also includesN* and N* senior adults.
Finally, it includes N, N*? children who have parents with respective humgmtala n!
and h2, and N, N2orphans with respectively low and high bequest®& pdrents of the
two first kinds of children are the senior adultshee period. So, we have:

(17) N* =nN* and N*? = nN*
The populationsN™*, N2, N2, N?%, N3 and N* are predetermined in periad The

number of senior adults endowed with low (high) lanneapital which will be alive in period

11



t+1 is equal to the number of junior adults with thene endowment who are alive in period
t multiplied by their rate of survival
(18) N2 = mm(I")N?, N2 = r(1)N?,
If we use equation (17) in peridd+ , We get the equatiohs
(19) Nt = nN2! - nN2 and N2 = nNZ2 — nNE
The numbers of junior adults with high and low huntapital endowment in period+ 1
are respectively
(20) NZ = A(e")(pN™ + geN™) + A(e?)(pN™? + geN™?).

NZE= A(e)(NH +eN™ )+ A(e?)(N*2 + cN®2) - N2

3. Dynamicsand long run equilibrium
3.1. The dynamics of populations
There areN?! and N?? junior adults alive in period> .0They will haven children each.

These children will either become? and NZ; junior adults with earnings respectively equal

to h' and h* in periodt+ 2 or they will die at the end of peridd+ . D,, represents the
supplementary number of junior adults who wouldsexi periodt if no children die before
reaching the age of junior adult, that is if thevsral rate function) were identical to 1. We
will investigate the dynamics of the model figs 2. The states of the economy in periods 0

and 1 are assumed to be given. We have the fundahmelationship:

N2 N* a,; a,  0)(N"
(21)| N2 |=Mn NZ|=| a, a,, 0 |n N
D+2 D 1- a; ~ay 1- a, ~ Ay, 1 D
with a, = A1) - p) +[1- 1) e - o))

a, = (&)%)~ p) +[1- 70 ?) e - o)}
a,, = A% p + |1 720" |eqf
a,, = A€ )N(1%) p+[1- m(12)|eq)

& Notice that the total number of children in thesipd is equal to the number of junior adults inigpe t times
na

12



and with N*(0), N#*(0) and D(0) given ift is even andN?!(), N*(1) and D(1) given if

t is odd. Lemma 1, 2 and 3 imply that these paramesatisfy the constraints
O<a,<a,<l1, O0<a, <a,, <1, , a,+a, <a,+a,<l and
8,8, — 8,8y, = ¢(p— Q) A (€A ()| (1%) - (1) 0] o] -

The elements of each column pf are positive and sum to 1. So they can be intexgras
proportions, or as conditional probabilities fost@ince for a child of a junior adult with high
human capital endowment to acquire a high or loméwu capital, or to die two periods later.
More precisely,a,, — a,, is the difference between the probabilities fahdd to reach a high
level of human capital if his parent is endowedhvhigh human capital versus if his parent
has low human capitah , — a , is the difference between the probabilities fehéd to reach

a low level of human capital if his parent has ghhhuman capital endowment versus if his
parent has low human capital. The difference batvtke probabilities for a child to die if his

parent is endowed with high human capital versukisfparent has low human capital is
~ (8~ a) - (@, —ay).

Matrix M in periodt only depends on health spending set by juniortaddl, |2, e, and
e?,- These spending are functions of the values tékea series of exogenous variables in

periodt: the parameters of the survival functions of alefdand young adulté, B, B', a

and S , the incomes of the junior adultdand h? and the number of their children

Equation (21) gives the dynamics of the numbensimibr adults and of the deagj?*, N2
and D for t= 2, when the values of these variables are giverenngs 0 and 1. Equation
(18) gives the dynamics of the numbers of senioftadN** = 7(1")NZ', N* = 7(1?)N? for

t >1. Equation (17) gives the dynamics of the numbectofdren with surviving parents,
N =nN3 and N =nN®% for t >1. Finally, the numbers of orphans in perib& 1 are
given by equations (19N = nN# - nN* and N292 = nN* - nN.

We definep = N#+ N?2+ D as the potential population of junior adultswéiuld be equal
to the effective population if all children reachibe age of junior adult. Equation (21) shows

that this potential population grows at rate P_, =nP. The number of dead people is equal

to the difference between the potential populateomd the number of junior adults:
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D =P-(N*+ N?%). Thus, we just have to investigate the dynamidh®@humbers of living

junior adultsN 2 and N2, which are given by

22) (NZ“ + 2)} M '”(Nm(t)J _ (an %J{N”(t)]
N*(t+2) N*®)) (an a.) (N*()

with N#(0) and N?*(0) given ift is even andN* (1) and N**(1) given ift is odd.

3.2. Characterization of the demographic dynamics

We will assume in this paragraph that all the patans and exogenous variables stay
constant over time fot> .OWe will also assume thatis even. Then, matriM* will stay
constant over time, and the dynamics of the modébe limited to the sizes of the different

components of population (including the dead).usintroduce the new variable
(23) A=(a,+ 6122)2 -4a,a,, —a,a,) =(a; - a22)2 +4a,a, >0
We have the lemma

Lemma 5. a) The eigenvalues of matrim', p, and p,, are real and such that

1> p, > p, >0. Their expressions are

(24) ,01=(a11+a22+\/Z)/2 andp2 :(a11+a22_\/Z)/2

b) Let us denote by, :(V“] andv, :(Vlzj the right-hand column eigenvectors ' and
V21 V22

byV = (Vl V2) the matrix of these eigenvectors. A determinatich@se eigenvectors is
(25) v :[‘5‘11_‘5‘22"'\/Z _ai1+a“zz+\/ZJ
28y, —2a,,
V, can be normed such that its components are pesim sum to 1V, can be normed such

that its first component is positive, its secondnponent is negative and the sum of both

components is equal to 1.

C) Letw = (Wﬂ W

j be the inverse df : VW =1 . Then, we have
W21 W22

(26) W = 1 [2321 —a ta,t \/ZJ
46‘21\/Z 28y —aytay,- Ja

14



d) The elements of matrix W satisfy the constraints

(27) w, >w;, >0 andw,, <0< w,,
The proof is in the appendix. We can now establ&hfollowing crucial proposition which
neatly characterizes the demographic dynamics lame@volution of human capital (and thus
income) distributions over time.
Proposition 1. Assume, to fix the ideas thit*(0) + N**(0) =1. Then:
a) The dynamic paths followed by the sizes of terts of both kinds of junior adults, are
linear combinations of two geometric series wittegaequal to the growth rate of potential

populationn times the eigenvalues of matihk'.

(28) N?4(t+2) = (,n) 2wy, | (Why =W, )N 0) + gy |+ (00) 2, [ (i, = W )N O) +

(29) N2 (t+2) = (o)} v, (W, =iy N?(0) + wi, |+ (0,0) v, [y, = W )N 0) +
In the long run the populations of both kinds afigu adults will grow at a rate equal to the
growth rate of the potential population of juniadults times the largest eigenvalue of
matrix M* (which is smaller than 1). The long run size ofregroup depends on the initial
condition, N**(0) . However, the long run proportions of the twoups of junior adults are

independent of the initial conditions, and are fpsety proportional to the two components of

the eigenvector associated to the largest eigemvafumatrix M '.

b) Let us assume that its share of junior adultkling a high level of human capital in the
initial population is decreased. In the long ruhetsizes of both groups of junior adults will
drop. Along the transition path, the number of juramlults holding a high level of human
capital and the total size of the population ofigrmadults will unambiguously go down. In
contrast, the number of junior adults holding a l@wvel of human capital may increase in the

short run.

The proof is in the appendix. Proposition 1 has dumportant implications, which will be
illustrated in our application to epidemics in thext section. First of all, Property a) shows
the ability of the model to generate hysteresiss Bhiould not be though seen as a surprising
result: this is a natural outcome in demographidehs initial demographic shocks are likely
to have long lasting echo effects. Such effects beagampened after a while, for example if
fertility markedly changes some generations aftex initial shock, but it seems out of

guestion that persistence is a fundamental progdrggemographic dynamics. Second, our
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model features that an initial change in the incahsé&ribution of the population may distort
this distribution in the short and medium terms bot in the long run. This is a very

important property as we will thereafter.

4. The demographic and economic effects of epidemics

We shall study the impact of an epidemic shiftimgvdward the survival probability function
of young adults (a decrease ) whatever their endowment in human capital. Wel simdy
consider one-period long epidemics occurring iniqae0. Longer epidemiological shocks
would complicate tremendously the analytical treatin As we shall see, one-period long
shocks are enough to capture the main economidamdgraphic mechanisms at work in the
model and to identify the distributional outcoméshe epidemic.

We start from a reference balanced growth path witbtal population of junior adults equal
to 1. If the vector of the initial values of thepadations of the two kinds of junior adults is

equal to the eigenvector of the transition mathX, associated to its largest eigenvalue

21
(Ezzgj =V,, the population of junior adults will follow thH®alanced growth path
NZ(t +2)
30 - t/2+1
(30) (sz(t +2) (oin)""V,

Proposition 1 shows that this steady state isivelgtasymptotically stable. We now move to
our analysis of epidemics. For a better understapdiecall that total domestic output in our
model is given by

(31) Y(t) = N (t)h* + N*(t)h* .
The epidemic takes place in period 0 and kills gprtoon of junior adults at the end of the
period. The number of children alive in period ill we unchanged but the proportion of
orphans among them will be higher. The number ofoseadults alive in period 1 will be
lower as a result of the epidemic.
Let us investigate the problem at a more formatllefccording to lemma 4, as the epidemic
hits the economy by decreasing param&erunior adults will increase their investment in
their own health, and their survival rates at thd ef the period will decrease by less than
what results directly from the epidemic. Junior l&lwill also decrease their investment in
the health of their children in period 1, which iéduce the survival rate of children in

period 1, and affect the size of the populationjwfior adults in period 2. The relative
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variations in the populations of junior adults holgla low level and a high level of human
capital, in this period is given by differentiatiof equation (22)
dNZl(Z) — V11dan + (1_V11)daj.2

(32)
N*(2) AR
(33) dN* 3 - v,da,, + 1 -v;,)da,,
N2 (2) P (1_V11)
The relative changes in the total population of guradults and in the domestic output per
worker are
a4y IN"@+dN" Q) _ vi,(day, + dayy) + (- v,,)(da, + days)
N*(2)+N*(2) Py
dY(2) dN*(2)+dN*(2) _
Y(2) NZ@+NZ@Q)
- (2 @+N”?(2)

_ NZ@NZ2)(h - h?) [dN@  dNZ()
INZ@h" +NZ(2h?[NZQ2) +NZ Q)| N*(2) NZ(

The following proposition summarises the distribo@ibeffects of the epidemic in period 2.

Proposition 2. a) In period 2 the total population of junior atkidecreases.

b) The proportion of young adults holding a lowdkewef human capital changes under the
action of two opposite forces. First, the survivaler of children at the end of the first period
decreases relatively more in poor than in wealtyifies. This decreases the proportion of
junior adults with a low endowment of human capitaperiod 2. Secondly, the number of
orphans in period 1 increases in both families.sTdkecreases the proportion of junior adults
with a low endowment of human capital in periodfZhe first effect dominates, domestic
output per worker increases, otherwise it decreases

¢) The numbers of each kind of children and seadtits are unchanged.

Proof. See the appendix.

When an epidemic takes place, parents will spessl ¢& the health of their children. This
will contribute to decreasing the proportion of ldren who will survive in period 2.
Moreover, more children will grow as orphans whtlse probability of survival is lower.

Both effects lead to a decrease in the populatigimeng adults in period 2.
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The proportion of children surviving at the end efipd 1 decreases by a lower percentage if
their parents are wealthy than if they are poorildtén of wealthy parents have a higher
probability of reaching a high level of human capthan the children of poor parents. Thus,
this first mechanism leads to an increase in tbh@gntion of young adults with a high level of
human capital in period 2. In period 2, the numdiejunior adults who were orphans will
increase and the number of those who were broygbi/uheir parents will decrease. Orphans
have a lower probability to reach a high level ofrfan capital. Thus, this second mechanism
leads to a decrease in the proportion of youngtaduth a high level of human capital in
period 2.

Proposition 2 is a crucial characterisation of thedium term distributional effects of
epidemics. The distributional consequences arefgignt in the medium run. If the second
mechanism dominates, more young adults will get leducated two periods after the
epidemic and output per worker goes down. Howetlex, epidemic has no effect on the
number of children and old adults living in periddThus, the share of the active population
in the total population decreases. So output ppita@ecreases by a higher proportion than
output per worker. The economy is clearly impovestshwith respect to the reference
balanced growth path) at this time horizon. If thet mechanism dominates, more young
adults will get more educated two periods aftergp@lemic and output per worker goes up.
In this case, the effect on output per capita ibigaous.

The analysis of even periods, posterior to periochd, easily be deduced from Proposition 1.
If the composition per skill of the population ohjor adults in period 2 were unchanged, then
the population of junior adults and the outputted economy would follow a balanced path
parallel to but lower than the original one. Howg\as the number of children and old adults
living in these periods has not been modified bg #tonomics, output per capita will
permanently be under its value before the epidelinilse proportion of young adults with low
skill in period 2 has increased, then this proporivill progressively decreases over time and
finally converge to its initial value. During thisansition output per worker will be lower than
if the epidemic has not taken place. In the long, utput per worker will converge to its
initial value, but output per capita will be lowdf.the proportion of young adults with low
skill in period 2 has decreased, then this proporwill progressively increase over time and
converge to its initial value. During this transitioutput per worker will be higher than if the
epidemic had not taken place. In the long run, atuger worker will converge to its initial

value.
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A similar analysis can be done for odd periodspémiod 1, the number of old adults has
decreased because of the epidemic, but the nurobetsldren and of young adults of both
skills is unchanged. So, output per worker is unged but output per capita has increased. In
the following odd periods, the number of old adwtsd of children has decreased but the
number of young adults of both kinds is unchanga.still output per worker is unchanged

but output per capita has increased.

So, in contrast to some contributions in the All2&ed literature (like Bell et al., 2003), the
model predicts a kind of corrective dynamics whwii bring some key variables to the
corresponding balanced growth corresponding valaléspugh some demographic variables

will be permanently affected as already mentiomeBroposition 1.

Further results

In addition to the analysis of the distributionahsequences of epidemics highlighted in the
previous section, the model has several predictmmsother demographic and economic
variables which are worth a look having in mind teeent AIDS empirical literature. We
select three indicators to make the point.

a) Population size: Population decreases in all periods and this effepermanent.
This is consistent with empirical studies. For ins&in the 2004 United Nations
report, the predictions point rather at a sharpifatotal population by 2020 in
Sub-Saharan Africa (38 countries), about 14% leas without AIDS.

b) Age pyramid: In the short run (t=0), the epidemics implies auctibn in the
proportion of young adults, which is also a keyremuic implications since these
adults are also the workers of the economy. Imtledium run (period 1) it is the
proportion of old adults, which decreases. Thidilsconsistent with the available
AIDS projection. The projections included in the 200nited Nations report for
Botswana show up a huge effect on the age structuits population by 2025:
more than half of the potential population aged595would have been lost to

AIDS. This proportion is much lower for the olderdayounger populations.

C) Output and productivity: In period 1, output per worker is the same as éf th
epidemic had not taken place, but output per cédgaitaincreased. This results from

the assumption that the epidemic has lasted foy oné period and has not hit
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children. However, in period 2, output per workeayntlecrease or increase. In the

first case, output per capita decreases, in thenslecase we cannot conclude.

5. Conclusion

In this paper, we have presented a full analytigalamic theory of income distribution under
epidemics. A peculiarity of the theory with resperthe usual set-ups is the neutralization of
the wage and fertility effects typically invokedloaving for the isolation and the inspection of
new transmission mechanisms of the epidemiologicatks. Within this framework, we have
analytically shown several properties. First, timmg epidemiological shocks have permanent
effects on the size of population and on the l@fedutput. However and more importantly,
the income distribution is shown to be unalteredhie long-run. Second, we show that this
distribution can be seriously altered in the medierm due to two clearly identified
mechanisms, and in particular to the ability oflaps to access high levels of education. The
sharply rising number of orphans is therefore at@ importance: if not conveniently treated
(for example by internationally funded social amgedally education aid programs for
orphans), this problem is likely to induce a shaqgvsening of poverty in the medium run.

Of course, the mechanisms isolated in this pagenat the unique relevant in the analysis of
the socio-economic impact of epidemics. We haveadly mentioned the possible wage and
fertility effects. It is not obvious at all how the effects interact in reality, and what could be
(or could have been) their relative significance concrete epidemic episodes. We are

currently working hard on this issue.
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APPENDI X
Proof of Lemma 4

a) The eigenvalues of matrik ' are the roots of the characteristic equation

S(N) = p* = (ay, +8,,) P+ (8,8, — a,8,) =0
The discriminant of this equation 8> . &o, the two eigenvalues &fl' are distinct and

real. Their product is given bg(0) = a ,a,, - a,,a,, D]og[ . Moreover we have

SO) =1-(ay, +ay,) + (a8, ~a,8,) = (-ay,)(1-a,,) —a,a,
As we havel-a, >a, and1l-a, >a,, We can conclude thag()>0. Thus, the two

eigenvalues of matrix/' are strictly included between 0 and 1.

b) We have
a21V11 + a22\/21 = 101V21 = (all + a22 + \/Z 21 /2’ SO

2321\/11 = (311 —ayt \/Z)Vzl
We also have

26121V12 = (an —ay - \/Z)sz
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So, a determination of the eigenvectors is giverdpyation (25). The two components\Gf
are positive and we can norm this eigenvector tingey,, +v,, =1. Moreover the sum of the

two components 0¥, is positive and we can norm this eigenvector iyrgpy,, +v,, =1

c) We deduce fronyw = |

(B4 = 8,,) (Wy = Wyy) + VA (W, + W) =1
(81 — 8) (Wi, = Wyp) + /A (W, + W) =0
28,,(W, - W,,) =0

28,,(W, —W,,) =1

30W11=W21=i>0, _ 1 \/Z—aﬂ+a22>oandW22: 1 —\/Z—a11+a22<0

208 T an ay, Wo a,

d) The inequalities are easy to check. For example> w;, is equivalent to
JA > 2a,, +(a, - a,,) - A sufficient condition for this inequality is

A=(a, - a22)2 +42,,8,, > (8, ~ a11)2 +4a, (8, ta,; —ay,) or
a, +a,, >a,, +a,,;, Which is true.o

Proof of Proposition 1

a)Let P be the diagonal matrix with elemengs and p,. Then (22) can be rewritten

(N "t 2)] iy 'n(N ) (t)] :va{“ ) (t)J _y (np)t,MW(N - (@J
N2 (t+2) N2 (t) N2 (t) N* (0)
In the long run, undeN®" (0) + N*" (0) = ,.we have

N2 (t+2) /(o) > - v, ~ W )N (0) + w

NZ(t+2) /(on) >~ vyl = Wi )NZ(0) + v

This establishes directly property a).

b) We deduce from equation (28) and (29) the dynarofcthe total population of junior
adults
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N#(t+2)+N?(t+2) =
(i) 2 (g +V50) (W, ~ W, )N 0) + i | + (0,)

We know from Lemma 5d that;, >w;, >0, and w,, <0<w,,. Lemma 5b establishes that

t/2+1( t/2+1(

Vip +V50) (W, ~ W) NZ2(0) + W

Vi, Vo, Vy, >0, v, <0, andv,, +v,, >0 also hold.

Then, we notice that, iN** (0)s decreased, that is N** (G% increased, theN*(t+ 2)
goes down.

As p, > p,, N?(t+2)+ N?(t+ 2) drops too if

(Vg Vo ) (W, —W,,) + (v, +V,,)(W,; —W,,) 20. The expressions of matricd&sand W given

in Lemma 5 show that the left-hand side of thigiraity is equal to 0.

However, we do not know iN?(t + 2)ncreases or decreases. Indeed, by the same isgison
as just before, this figure would go downvf,(w,; —w,,) +V;,(W,; —W,,) < 0. Unfortunately

this expression turns out to be equal to 1. Theeedorything could happen in the short run as

for the number of low human capital junior adutts.

Proof of Proposition 2

a) We deduce from the expressions of the elementrsatfix M' and from lemma 4

d(a, +a,) = d{Ale, |71t)a-c) + cff = | *)a- o) + cldalel, )+ Alel, Ja- o)dr{it) <o

A similar computation shows thai(a12 +a22)<0. Then, equation (34) establishes part a of

the proposition.

b) We have dN2211(2)_ dN2222(2) _ Viday, +(1-vy,)da, _ v, da,, +(1-v,)da,  This
N#2(2) N*2(2) vya,+0-v,)a, vy, +l-v,)a,

expression has the same sign as

Vll{[vllaZl + (1_V11)aﬁz]dau - [V11a11 + (1_ Vll)a12]da21}
+ (1_ Vll){[vllaﬂ + (1_ Vll)a22]da12 - [Vllall + (1_ Vll)a12]da22}

We use (25) to substitute for,. This expression has the same sign as
(311 —a,t \/Z){l_(an —a,t \/Z)aﬂ + 26‘216‘22Jd‘5‘11 - |_(a11 —a,t \/Z)ail + 2a21a12]da21}
+ 2&21{1(811 —a,t \/Z)am + 2a21a22]da12 - [(an —a,t \/Z)an + 2a21aﬂ.2]da22}

or
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d d d d
(ail —at \/Z{(au —ay,t \/Z)aﬂail( a?il _&j + 2321322312( <E _&H

1 1 a‘12 a22
da, da, j ( a, da, H
+2 —a,, +V/A 2-—2 |+2a,a
321{(311 22 )a21a11( a, a, 8,185,835 a, a,

This expression has the same sign as

d d d
(a11 —apt \/_) ail( a?il aa;lJ + 4321322312( %z _&]

1 1 a12 a22
da dazj (dau daﬂﬂ
+2la,, —a,, +V/A ! Ll+a —22
(all a22 1:a22a12( alz a22 21a11 all a21

which is equal to

d d d
(a11 ay, t+ \/_) ail( a?u ajzl] + 4321322312( % _E]

1 1 a‘12 a22
da dagj (dau dazzj (aﬂ dazzﬂ
+2la,, —a,, +VA L 1+ - +
(@ — 25, ++ {anazz( N o (a3, — 8,25, o e
or

1 1 &, 8y

d
+2{a,, 2, + VA faa,, - aiz%l)( aizll aafj

d d d d
an(an —ant \/Z)(an tay,t \/Z{& - ij + 2321312(311 tay,t \/Z{& - ﬁj

We deduce from equation (21)

da, _ dAlely), Al Ji-p-cli-al 4 da _

dife 11)+/‘(ei1)(p—CQ)dﬂ(|1),

a, Ale,) a, a,, A(il) a,

da, _dA(e?), Ale?Ji- p-cli-q)] ar?), 9o - ¢ (efl)J(efl)(p—CQ)dﬂ(lz)
a, Ale?) a, a, Ale?) a,,

Hence

day, _da, _ Ale,) {ii- p-clt-a)la,, - (p-ca)a,dn(l*)=-c(p- qie%fdﬂ('l)

a; 8y aydy

day g3 M)y pch- g, - (p-caa }dn{?)=-c(p- JLio'”(')

A, 8p Ay A58,
da,, _da, _ d)l(eil) _ d/](efl) - {Md E _ﬂe_fl)d 12
o e M) T, )=o)

The above expression as the same sign as
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~c(p-a)fay, +a, + VA {(ai ~a, +Va) (821) drfi*)+ 2a,, (efl)zdﬂ('z)}
+2{a, - a,, +Va fa.a,, aﬂaﬂ){dA(l J- d)'(ez) (p- cq{iﬂ)dﬂ(l) JL1)0'77(' )}}

Meh)  Aled) 2

We remind thata ,a,, - a,,a,, = ¢(p — q)A(e},)A (efl)lﬂﬂ D/ 1)]. The previous expression

has the same sign as

3-8, +JA et P o+ s, +48 )+ 22(€2)[m02) - 0] (p - cafar{i?)

a2 1

—Zﬁajll{(alﬁaﬂ+\/_)za7 +(p- cq(a11 a22+\/_)/1( l)[ﬂ(l) ﬂ(|1)]}dﬂ(|
dife,) A (efl)}

+2fay; ~a, + VB P17 - n(ll)]hl) )

As d77(|1)< 0, the first term is positive if

8y, +ay, +V/A > 2A(e%)]7201%) - 71" (p - cq)
= 2A(€%) [, | A(€%) — 2, 1 A(€})]| = 23, - 22, A (%) 1 A(EY)

Or &y, — &y, +VA > =28, A(ef;)/ A(e,,),
which is true because the left-hand side is pasiind the right-hand side is negative.

As dn(l 2)< 0, the second term of the expression is positive.
1 2

As we established in lemma 5 th%/t]i((aefj) —%((57*7) <0, the second term of the expression is
+1 +1

negativeo
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